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ABSTRACT

The angular distributions of light scattered by gold-coated and aluminum-coated gratings

having amplitudes of ~90 nm and periods of 6.67 µm were measured and calculated for light

incident from a HeNe laser at an angle of 6E.  Experimental results are compared with

predictions of Beckmann's scalar theory and Rayleigh's vector theory.  The measured scattering

pattern has a background of scattered light due mainly to residual surface roughness.  Also the

power in the higher-order peaks is larger by several orders of magnitude than the computed one,

which can be attributed mainly to the low-order contributions of the harmonics in the profile.

Keywords: BRDF instrument, harmonics, light scattering, residual roughness, sinusoidal grating,

stylus instrument.
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1.  Introduction

Coherent light, when scattered from a sinusoidal grating, forms a pattern in the far field

that shows diffraction peaks.  The number of peaks and their positions are governed by the well-

known grating formula.  While the positions are determined by the period of the grating and the

angle of incidence, the power in the peaks depends mainly on the amplitude of the grating.

Laser light scattering from a holographic grating has been investigated with a view

toward its possible use in the determination of the linearity of bidirectional reflectance

distribution function (BRDF) instruments, a task that requires a wide dynamic range in scattering

power, over seven orders of magnitude or more.  When the amplitude of the grating is much

smaller than the wavelength of the laser light, the power in the peaks decreases rapidly as the

order increases, giving rise to the desired large range of power values.  Another possible

advantage of this approach is that the power for the diffraction orders might be predicted and

controlled through the designed groove shape, that is, the amplitudes and relative phases of the

fundamental and harmonic components of the grating profile.  In addition, it might be possible to

predict the power in the peaks by measuring the profiles of the grating grooves.

In this paper we report on measurements of the BRDF of two samples of sinusoidal

surfaces and on the theory that we used to analyze scattering by perfect sinusoids and by surfaces

described by a measured profile.  The experimental scattering pattern differs significantly from

that predicted by approximate theories applied to perfectly conducting sinusoidal surfaces, such

as the Beckmann scalar theory and the Rayleigh vector theory.  The background scattering is

much lower and the power in the higher-order peaks is much larger than predicted.  We come to

the conclusion that the reduction of the background scattering is due to the two-dimensional
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nature of the residual surface roughness and that the power in the higher-order peaks is explained

by harmonics in the profile.

The scattering of light emitted by a CO  laser (wavelength  = 10.6 µm) from a diamond-2

turned sinusoidal grating (NIST SRM 2071: amplitude a . 0.5 µm, period D . 100 µm) was

previously described.   The analysis indicated that a step window contributed to the large1-3

computed background scattering which obscured the higher-order peaks, while other windows

that represent more realistic beam profiles led to better results.  Furthermore, it was found that

harmonics of the profile caused peaks to appear above the background at the locations of the

higher-order peaks and that the residual roughness did not affect the results in a significant

manner.

Here we analyze the HeNe laser light ( = 0.6328 µm) scattered by a pair of holographic

gratings (amplitude a . 90 nm, period D . 6.67 µm) and our results differ from those obtained

for the CO  laser.  The residual roughness, rather than the step window, is found to cause a large2

computed scattering background.  The effect of the windowing function is too small to affect

significantly the computed scattering background.  We propose that harmonics of the profile

explain the relatively large amplitude of the higher-order diffraction peaks, but amplitudes and

phases of the harmonics cannot be obtained directly from the measured profiles by a least-

squares fit of the first terms of a Fourier series mainly because the point-to-point spacing

fluctuates.

Some of the preliminary conclusions drawn from this investigation  have changed.  New4

scattering measurements carried out on similar samples show that the difference between

scattering of s- and p-polarized light is much smaller than that reported in Ref. 4.  The previous
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discrepancy was probably caused by misalignment of the sample.  Also the dependence of the

power in the peaks on the phases of harmonics is now properly taken into account in derivations

within the Beckmann theory.  Some preliminary results found in Ref. 4 that remain valid are

quoted here without further elaboration.

The equations for the intensity of the light scattered by a sinusoidal grating obtained using

the Beckmann and Rayleigh theories for a perfect conductor, as well as a discussion of harmonics

and residual roughness, are presented in Sec. 2.  Experimental results and comparison with

computations are found in Sec. 3 and results are summarized in Sec. 4.

2.  Theory

There are a number of theoretical definitions and derivations that are needed to discuss

the experiments carried out with the sinusoidal surfaces.  In Sec. 2.A we sketch the derivation of

the Beckmann theory of scalar wave scattering by perfect conductors, in Sec. 2.B we give the

formulas for the diffracted power for the two polarizations of the incident light in the Rayleigh

theory, in Sec. 2.C we derive equations for the effects of the residual roughness of the sinusoidal

surface, and in Sec. 2.D we briefly describe how the harmonic content of a profile can in

principle be determined.

A.  Beckmann Theory

We first assume that a plane wave is incident upon a perfectly conducting sinusoidal

specimen with no harmonics and no residual roughness.  The profile for such a surface is



h(x) ' asin(Kx % ) ,

( i, s) ' [F( i, s) /L]
½L

&½L
dxexp[ixvx( i, s) % ih(x)vz( i, s)] ,

F( i, s) ' (1 % cos icos s & sin isin s)' [cos i(cos i % cos s)] .

exp(i sin ) ' j
4

n'& 4

Jn( )exp(in ) ,

vx ' k(sin i & sin s)

vz ' & k(cos i % cos s)
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(1)

(2)

(3)

(4)

where a is the amplitude, K is the spatial wavenumber given by 2 /D, D is the period, and  is a

phase constant.

Beckmann  solved the scattering problem by using the scalar wave equation and the5

Kirchhoff approximation. For a one-dimensionally rough surface, the angular distribution of the

scattered field at a large distance from the illuminated part of the surface, normalized to the field

that is obtained in the specular direction for a smooth surface, is given by6

where  and  are the incidence and scattering angles, respectively, ,i s

, k is the optical wavenumber 2 / , L is the width of the illuminated

area on the sample, assumed here to be infinite in the other direction, and edge terms have been

neglected.  See Fig. 1 for definitions and sign conventions of the parameters.   The obliquity7

factor, F( , ), is given byi s

We use the Jacobi-Anger expansion of an exponential in terms of Bessel functions,

set ( , ) = av ( , ) and  = Kx + , and substitute this expansion into Eq. (2) to obtaini s  z i s



( i, s) '[F( i, s) /L]
½L

&½L
dxexp[ixvx( i, s)] j

4

n'& 4

Jn[ ( i, s)] exp[in(Kx % )] .

( i, s) ' F( i, s) j
4

n'& 4

exp(in )Jn[ ( i, s)] sinc{½L[vx( i, s) % nK]} .

sin n & sin i ' n /D, n ' &N1, &N1 % 1, ..., N2 .

| ( i, s)|
2 ' [F( i, s)]

2 j
4

n'& 4

{Jn[ ( i, s)]}
2 sinc2{ ½L[vx( i, s) % nK]} ,
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(5)

(6)

(7)

(8)

We integrate each term of the sum and get

The maxima of the sinc functions occur when v  + nK = 0, which is satisfied for the finite set ofx

values of  that are the real solutions of the grating equation,s

Multiplying  in Eq. (6) by its complex conjugate, we obtain

where we have assumed that, if L » D, the diffraction peaks are very narrow and the field of one

peak is almost zero at the positions of the other peaks, so that products of terms of different order

are negligible.  The sum can be restricted to the physical values of n in Eq. (7) because the

contributions of the other terms in the infinite sum are negligible.

We assume that the full detection aperture angle, , is much larger than the width of theA

peak, whence the value of the detected power is essentially constant within the range of the

aperture.  The power distribution, up to a constant factor, can then be expressed by



P( i, s) % j
N2

n'& N1

F 2( i, n) J 2
n [ ( i, n)]rect [( s & n)/ A] ,

h(x) ' j
M

m'1
amsin(Kmx % m) ,  Km ' mK .

( s) ' [F( s) /L]
½L

&½L
dxexp ixvx( s) % i j

M

m'1
amsin(Kmx % m) vz( s)

' [F( s) /L]
½L

&½L
dxexp[ixvx( s)]k

M

m'1
exp[iamsin(Kmx % m)vz( s)] ,

( s) ' [F( s) /L]
½L

&½L
dxexp[ixvx( s)]k

M

m'1
j
4

nm'& 4

Jnm
[ m( s)]exp[inm(Kmx % m)] ,
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(9)

(10)

(11)

(12)

where the rectangle function rect(x) is 1 if |x| < ½ and 0 otherwise.  Bessel functions decrease

rapidly with the order n.  This expression for the power in the diffraction peaks is what the

Beckmann theory predicts.  Stover  computes the power contained in the diffraction peak of8

order n for a sinusoidal grating and obtains PJ [ ( , )]cos ( ) in terms of the incident power,i n  i n  n
2 2

P, which shares the rapidly varying function of , J ( ), with the terms in Eq. (9).i n n
2

If we allow the sinusoidal grating to have M harmonics, the profile has the form

Instead of Eq. (2) we obtain the scattering coefficient

where the dependence on  is left implicit for conciseness.  We use again the expansion in Eq.i

(4) for each term in the product and obtain



( s) ' F( s) j
4

n1'& 4

j
4

n2'& 4

... j
4

nM'& 4

exp[i ( )]Jn1
[ 1( s)]Jn2

[ 2( s)]...JnM
[ M( s)]sinc{½L[vx( s)

% N( )K] } ,

( ) ' (n1, ..., nM) ' j
M

m'1
nm m , N( ) ' N(n1, ..., nM) ' j

M

m'1
mnm .

( s) ' F( s) j
4

n'& 4

sinc{½L[vx( s) % nK]} n( s) ,

n( s) ' j
4

n1'& 4

j
4

n2'& 4

... j
4

nM'& 4

nN( )exp[i ( )]Jn1
[ 1( s)]Jn2

[ 2( s)]...JnM
[ M( s)] .
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(13)

(14)

(15)

(16)

where ( ) = a v ( ).  We carry out the multiplication, which means that the product of them s  m z s

sums becomes a sum of the products, and obtain

where  stands for the set of indices and

The peaks of the sinc functions in Eq. (13) occur at the values of N that make the argument

vanish, that is, for N equal to the values of n that satisfy the grating equation.  We use  for theij

Kronecker delta, which is equal to 1 when i = j and vanishes otherwise.  We group together the

terms that have the same value of N and rewrite Eq. (13) as

where

Each  is made up of a sum of terms that correspond to different order peaks of the fundamentaln



| ( s)|
2 ' [F( s)]

2 j
4

n'& 4

sinc 2 {½L[ vx( s) % nK ]}| n( s)|
2 .

P( s) % j
N2

n'& N1

[F( n)]
2 rect [( s & n)' A] | n( n)|

2 .

( s) ' F( s)
4

&4

dxW(x)exp[ixvx( s) % ih(x)vz( s)] .
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(17)

(18)

(19)

and the harmonics, each multiplied by a phase factor given by the corresponding ( ).  If the

products of sinc functions of different arguments are negligible, the intensity is proportional to

The power as a function of scattering angle is obtained as before, and we get

This equation gives the power in the diffraction peaks when the grating profile contains

harmonics of the fundamental sinusoid.

If we set h(x) = 0 in Eq. (2), we obtain a field amplitude proportional to a sinc function

with slowly decreasing oscillations for scattering angles of increasing magnitude.  This behavior,

which extends to surfaces with a root-mean-square (rms) roughness small compared to the

wavelength of the incident light, does not correspond to that of measured power distributions and

is a consequence of the step windowing function assumed in the Kirchhoff approximation.  An

incident field that is of constant amplitude over the illuminated region and drops discontinuously

to zero outside was found to lead to difficulties  that do not occur when a better behaved beam2,3

profile is used.  We thus multiply the integrand in Eq. (2) by a windowing function, W(x), and

obtain



W(x) '
exp[& x 2 / (L 2 & x 2)] , |x| # L ,

0 , elsewhere ,

Pn ' ( n/ )|Bn|
2 , n ' k 2 &

2
n , n ' ksin i % Kn, ' 0 ' kcos i ,

  11   

(20)

(21)

We have removed the factor 1/L, which affects only the normalization, and we have extended the

range of integration to infinity by assuming that W(x) vanishes at large distances.  We tried a

Gaussian, a cosine, a sinc, and a Schwartz windowing function.  We prefer the Schwartz

function, defined by

where  is a parameter.  This function is infinitely differentiable and vanishes outside a finite

interval of length 2L.  The actual beam profile, apertures, and other characteristics of the

instrument are more accurately represented by a measured signature or response function, which

can then be convolved with the computed intensity distribution.  A more accurate representation

of the beam cross section would require that we formulate the problem in three dimensions

because the illuminated spot is finite.  It would also be more accurate to use a complex, as

opposed to real, windowing function.

B.  Rayleigh Theory

The Rayleigh vector theory, which applies to perfectly conducting gratings, provides the

power in the diffracted peaks for different incident polarizations.   The power in the nth order9

diffraction peak relative to the specular power, P , is given byn

where the B  are determined by the matrix equationn



j
4

n'& 4

amnBn ' hm , m ' 0, ±1, ±2, ....

amn '

i m&n DJm&n( n a) if 2
n $ 0,

(&1)m&n DIm&n(| n|a) if 2
n < 0,

hm' & (&i)mDJm( a) ,

amn '

i m&n { a n [& Jm&n&1( na) & Jm&n%1( na)] % D n Jm&n( na)} if 2
n $ 0,

(&1)m&n { i a n [ Im&n&1(| n|a) & Im&n%1(| n|a)] % D n Im&n(| n|a)}  if 2
n < 0,

hm ' (&1)m%1i m{ a 0 [Jm&1( a) % Jm%1( a)] % D Jm( a)} ,
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(22)

(23)

(24)

(25)

(26)

The a  and h  are given in terms of the Bessel functions, J , and the modified Bessel functionsmn m n

of the first kind, I , byn

for the incident electric field perpendicular to the plane of incidence, s polarization, and

for the incident electric field in the plane of incidence, p polarization.  In practice we limit the

values of m and n in Eq. (22) to a finite set.

C.  Scattering Due to the Residual Roughness



h(x) ' asin(Kx % ) % hr(x) ,

( s) ' F( s)
4

&4

dxW(x)exp[ixvx( s) % iasin(Kx % )vz( s) % ihr(x)vz( s)] .

W(x) ' 2 w &1exp & x 2 /(2w 2 ) ,

+| ( s)|
2, ' [F( s)]

2 j
4

n'& 4

j
4

nN'& 4

exp[i(n&nN) ]Jn[ ( s)]JnN[ ( s)] [1/(2 w 2)]
4

&4

dx
4

&4

dxN

@exp & (x 2 % xN2) / (2w 2) % i[(x & xN)vx( s) % K(nx & nNxN)] +exp{i[hr(x) & hr(xN)]vz}, ,
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(27)

(28)

(29)

(30)

We now consider the effect of the residual roughness on the background scattering based

on the Beckmann theory for the one-dimensional case.  The profile,

includes a function h (x) that represents the random roughness.  Then the scattering amplitude isr

given by Eq. (19), which becomes

We choose a Gaussian window,

because the Gaussian function can be more easily treated mathematically and it allows us to

extend the range of integration.  We obtain

where the angular brackets indicate an ensemble average.  We further assume that the height

distribution and the autocorrelation function of the residual roughness are Gaussian.  The residual

roughness is characterized by its rms value  and autocorrelation length T.  Then the ensemble

average is10



+exp{ivz[hr(x) & hr(xN)]}, ' exp(&g)exp[gC(R)] ,

+| ( s)|
2, . [F( s)]

2 j
4

n'& 4

Jn[ ( s)]
2 (1 & g)exp & w 2 vx( s) % nK 2

% g(T/2w)exp & ¼T2 vx( s) % nK 2 .

S(fx) '
4

&4

dRexp(& 2 if xR) 2 C(R) '
4

&4

dRexp(& 2 if xR) 2 exp(& R2/T 2)

' 2 Texp(& 2 f 2
x T 2).

+| ( s)|
2, . j

4

n'& 4

Jn[ ( s)]
2 (1 & g)exp& w 2 vx( s) % nK 2

% vz( s)
2 /2 w S(fnx) ,
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(31)

(32)

(33)

(34)

where g = v , C(R) = exp(! R /T ), and R = x ! xN.  We substitute this ensemble average intoz
2 2  2 2

Eq. (30) and integrate.  Since most surfaces have parameters that satisfy w » T and g « 1, we

expand functions of g to first order and drop terms proportional to (T/w) .  In Eq. (30), the term2

with the exponent proportional to K leads to a factor exp[! ¼(n ! nN) (2 w/D) ], which is2 2

negligible compared to 1 if n ú nN because w is generally greater than several D.  We then obtain

The second term is associated with the power spectral density (PSD) of the residual roughness. 

The PSD of the random Gaussian component of the profile, S(f ), is given by the Fourierx

transform of the unnormalized autocorrelation function, that is,

Thus, in this particular case, Eq. (32) can be written in terms of S(f ),nx

where



fnx ' [vx( s) % nK] / (2 ) ' (sin n & sin s) / .

h(x,y) ' asin(Kx % ) % hr(x,y) .

( s,ns) ' F3( s,ns)
4

&4

4

&4

dxdyW(x,y)exp{i[xvx( s,ns) % yvy( s,ns)

% asin(Kx % )vz( s) % hr(x,y)vz( s)]} ,

vx ' k(sin i & sin scosns) vy ' ksin ssinns
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(35)

(36)

(37)

Equation (34) can be interpreted as follows: the diffraction peak and its window-induced tails are

attenuated by a factor 1!g, while the background is generated by a term proportional to the PSD

of the residual roughness.  Let us call this PSD term the residual roughness tail for convenience. 

From Eq. (32) we can see that the residual roughness tail is a slowly decreasing function of fx

which has a small peak value, gT/2w, that determines the magnitude of the background

scattering, while the windowing tail is a rapidly decreasing function with a relatively large peak

value, 1 ! g.  These results should not depend strongly on the choices of a Gaussian windowing

function, height distribution, and autocorrelation function.

Actually, the residual roughness is two-dimensional in nature even though the main

grating profile is one-dimensional.  Consequently, Eq. (27) should be replaced by

We assume that the azimuthal angle of the direction of incidence is equal to zero and we

introduce the azimuthal angle, n , of the scattering direction and obtain the two-dimensionals

analogue of Eq. (28),

where , , and



F3( s,ns) ' (1 % cos icos s & sin isin scosns)' [cos i(cos i % cos s)] .

W(x,y) ' (2 w 2)&1exp[& (x 2 % y 2) /(2w 2 )] .

+| ( s,ns)|
2, . [F3( s,ns)]

2 j
4

n'& 4

Jn[ ( s)]
2 (1 & g)exp & w 2 vx( s,ns) % nK 2

& w 2 vy( s,ns)
2

% g(Tx Ty'4w 2)exp & ¼T2
x vx( s,ns) % Kn 2

& ¼T2
y vy( s,ns)

2 ,

+ | ( s,ns)|
2 , . [F3( s,ns)]

2 j
4

n'& 4

Jn[ ( s)]
2 (1 & g)exp& w 2 vx( s,ns) % nK 2

& w 2 vy( s,ns)
2

% [vz( s)
2 / (4 w 2)] S(fnx, fy) ,

fy ' sin ssinns /

  16    

(38)

(39)

(40)

(41)

We replace W(x) defined in Eq. (29) with

A lengthy calculation leads to the analogue of Eq. (32), namely

where T  and T  are the corresponding Gaussian roughness autocorrelation lengths.  We can nowx y

express the intensity in terms of the two-dimensional PSD,  S(f ,f ), by11
x y

where f  is unchanged and .  This equation will then result in a much lowernx

background due to the residual roughness than Eq. (34) when the intensity distribution is

determined in the plane of incidence because for one-dimensional roughness all the light is

scattered in that plane.  The measured quantity is the power, or the intensity integrated over the

finite size detector aperture, which corresponds to the integral of the intensity in Eq. (41) with



Rback '
f1

0
dfy S2 f 2

x % f 2
y

4

0
dfy S2 f 2

x % f 2
y .

f ' f 2
x % f 2

y
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(42)

respect to f  and f .  Since the residual roughness is very small compared to the wavelength ofx y

light, the distribution of the scattered intensity perpendicular to the plane of incidence is

proportional to the PSD along the f -axis, so that the limits of integration are determined by they

aperture size.  The integration has to be carried out from !f  to f , where f  = sin(½ )/ .  For1 1  1  A

isotropic residual roughness we have S(f ,f ) = S (f), where , and the ratio of thex y  2

background intensities of the actual surface to a one-dimensionally rough surface is

A rigorous vector theory  which takes into account both finite conductivity and12

polarization effects could be used to calculate the scattered light.  We have used instead the

approximate Rayleigh theory to determine the difference between polarizations.  The

approximation is valid for ka < 0.448, as determined by comparison with the rigorous theory in

the case of the sinusoidal grating.   For the present problem we have ka . 0.075, which is13

included in the range of validity.  The Rayleigh theory assumes, however, a perfectly conducting

scatterer.

D.  Harmonics

A profile of a nominally sinusoidal surface is likely to contain harmonics of the

fundamental sinusoid and a part that is not periodic called the residual roughness.  One method to

determine these harmonics consists in expanding a measured profile h(x) into a truncated Fourier

series



h(x) . 1

2
A0 % j

M

m'1
Amcos(mKx) % Bmsin(mKx) '

1

2
A0 % j

M

m'1
amsin(mKx % m) ,

An '
K
Np

L

0
dxh(x)cos(nKx) , n ' 0, 1, 2,... ,

Bn '
K
Np

L

0
dxh(x)sin(nKx) , n ' 1, 2,... ,
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(43)

(44)

(45)

where the coefficients can be obtained by integration from

where L = N D, assuming that the length, L, is an integer multiple of the period, D.  If a linearp

trend is removed from the data, the coefficient A  vanishes.  The period can be determined by a0

least-squares fit of a sinusoid with the assumed number of harmonics to the profile.  As the

period varies, the part of the profile that corresponds to an integer number of periods changes

too, and has to be adjusted at each step of the minimization.  

An alternative determination of the harmonic content of the periodic surface is the

computation of the PSD.   The amplitude of a harmonic can be estimated from the magnitude of4

the peak in the PSD at the corresponding frequency, but we do not obtain the information on the

corresponding phase.
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3.  Experimental and Computed Results

We have used aluminum- and gold-coated holographic gratings manufactured by the

American Holographic Co.   The samples used in the experiments reported here are not those14

used in our previous work,  although they have the same nominal dimensions.4

In Sect. 3.A we describe the stylus measurements and the profiles obtained from the

samples as well as a partial determination of its harmonic content.   In Sect. 3.B we present the

results of BRDF measurements and comparisons with computations based on measured profiles,

including the effects of residual roughness.

A.  Stylus Measurements

Surface profiles were obtained using a Talystep stylus profilometer with a 1 µm radius tip

at the same centered spot where light scattering measurements were performed.  We obtained

three 1 mm profiles in a line and two more at a distance of 1 mm to the side of the central profile. 

Each profile had 12000 points.  We previously found  that the use of a 0.1 µm radius tip did not4

lead to significantly different results.  The profilometer was calibrated before and after these

measurements for both horizontal and vertical displacements.  We estimate that the error in the

vertical displacement is ~1%.  The measured profiles show occasional large excursions or

outliers, which we attribute to particle contamination and scratches.  We determined the

amplitude of the sinusoid by first subtracting the linear trend of the profile by a least-squares-fit

method and then computing the root-mean-square deviation from the baseline.  We multiply the

result by %2 to obtain an approximate value of the amplitude.  The average of the calculated

amplitudes obtained in this manner from the five profiles is 0.0945 µm for the aluminum
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specimen and 0.0902 µm for the gold specimen.  Outliers in the profiles for the aluminum

specimen make the calculated amplitudes vary from 0.0861 µm to 0.1114 µm.  Outliers that

correspond to defects in the surface clearly do not extend to infinity, thus affecting the measured

scattering intensities much less than the scattering calculated for a surface that varies only in one

dimension.

The magnitude and phase of the lower-order harmonics can in principle be obtained by

the procedure outlined in Sect. 2.D.  However, when this procedure is carried out, results show

that the apparent period of the measured profile varies, leading to a poor least-squares fit of a

periodic function.  The fitted periodic function and the measured profile are often out of phase,

which adds large contributions to the quality of fit function.  This drift is probably due to a

variation in the speed of the stylus motion across the sample and not to an actual period variation. 

To correct for the stylus speed variations we changed the horizontal coordinates to make the

zero-crossings equispaced and the period equal to 6.67 µm using a cubic spline interpolation. 

Periods that contained outliers were deleted and 100 periods of the new profile were digitized at

constant point-to-point-spacing by means of another cubic spline interpolation.  These corrected

profiles are then used in the BRDF calculations described in the next Section.  Variations in

amplitude have a less drastic effect on the least-squares fit.

The amplitudes computed for the corrected profiles vary between 81.7 nm and 87.8 nm,

averaging 83.9 nm, for the aluminum sample, and between 85.7 nm and 90.5 nm, averaging 88.1

nm, for the gold sample.  Consequently we decided to use a value of 86 nm in calculations for a

perfect sinusoid, which is an idealized representation of the actual surface.  The discrepancy by

several orders of magnitude for the higher-order peaks is not affected significantly by small
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changes in the amplitude.  The values of the computed diffraction peak angles for an angle of

incidence of 6E, as well as measured and computed power in the peaks, are given in Table 1.

Part of one of the modified profiles of the gold sample is shown in Fig. 2a, where we can

see that the amplitude of the profile varies significantly.  This is typical of all of the measured

profiles.  The PSD of this profile is shown in Fig. 2c.  A consequence of the modification is a

narrowing of the peaks and an increase in their height.  The second harmonic has an amplitude

equal to ~4.5% of the fundamental, and the amplitudes of the peaks at the location of the fourth

and fifth harmonics are ~1% and ~0.7% of the fundamental, respectively.  There is no clear

evidence of the third harmonic and peaks at higher spatial frequencies are not located at multiples

of the fundamental frequency.  The precise effect of the modification of the profiles on the

harmonic content is unclear.  Setting equal to zero the amplitude of the Fourier transform of the

profile below a frequency of 0.33 µm  leads to the PSD in Fig. 2d, and the inverse Fourier!1

transform gives a computed residual roughness that is missing the low spatial frequency

components.  A segment of this residual roughness is shown in Fig. 2b.

B.  BRDF Measurements and Computations

We measured the BRDF for laser light incident on a centered spot on each of the two

samples with both s and p polarization.  We used a BRDF instrument, the Goniometric Optical

Scatter Instrument (GOSI),  with a circular aperture angle, , of 0.7E, a scanning step angle of15,16
A

0.5E, a convergence angle of the incident light of ~1E, and a spot size of ~1 mm in diameter.  The

BRDF is defined by



BRDF '
radiance

irradiance
.

dPs /d s

Picos s

.
Ps / s

Picos s

,
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(46)

where the indices i and s stand for incidence and scattering, respectively, P is the power, and  iss

the polar angle of the scattering direction, and  is the solid angle.  Figs. 3 and 4 show thes

results of these measurements, which do not exhibit the apparent dependence on polarization

previously found.   The measured BRDF actually corresponds to the convolution of the function4

defined in Eq. (46) with the instrument signature, which reduces the magnitude of the peaks

relative to the background.

The measured power in the diffraction peaks relative to the power in the specular peak,

shown in the graphs in Figs. 3 and 4, are found in Table 1.  They are compared to the

corresponding computed results obtained from the Beckmann theory, using Eq. (9) for the perfect

sinusoid and Eq. (19) for measured profiles, and from the Rayleigh theory using Eq. (21).  The

power differs from the BRDF by a constant factor and by the cos  in the denominators in Eq.s

(46).  For the perfect sinusoid the Rayleigh method gives essentially the same results as the

Beckmann method, which differ significantly from the power in the peaks of the measured

curves, especially for the higher orders.  There also is little difference between the two

polarizations, as seen also in Table 1.  A discussion of limitations of this approach can be found

in Ref. 17.

The complex dielectric constant of gold at  = 0.6328 µm is 0.166 + 3.15i, and that of

aluminum is 1.51 + 7.65i.   A finite-conductivity theory  might improve the agreement between18 12

computed and measured BRDFs.  For a perfect sinusoid of infinite extent illuminated by a plane
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wave, all the power is concentrated in the direction of the diffraction peaks.  On the other hand,

the experimental data show substantial background scattering between the peaks.  In addition, the

measured power in the higher-order peaks is much larger than the power computed for a perfect

sinusoid.

We consider two possible sources of the background scattering: the window that limits

the incident beam and the residual roughness of the sinusoid.  If the incident beam is truncated or

has any spatial distribution other than plane wave, diffraction due to the beam profile or window

will occur and may be significant.  Also a realistic window would include the effects of the

curvature of the phase front since the beam is converging at the sample and focused on the

detector circle.  It is difficult to represent the actual beam in a calculation, partly because the

illuminated spot is not an infinite strip and solving a full three-dimensional scattering problem is

much harder than the simplified problem we have addressed here.  Nevertheless, we still need a

windowing function in the integral in Eq. (19) because a step window gives rise to tails that

decrease much more slowly than other windows.2,3

The instrument signature  shown in Fig. 5 was measured by scanning the 0.7 degree19

aperture across the beam in the absence of a sample.  This signature is below 10  sr  for angles!6 !1

larger than 2Eand is much smaller than the background scattering level measured with the

holographic grating, shown in Figs. 3 and 4.  Therefore, instrumental artifacts are not responsible

for the background level measured between the diffraction peaks.  Furthermore, since the

instrument signature includes the effect of the physical window function [see Eq.(19) with

h(x)=0] convolved with the 0.7 degree aperture, the physical window function does not

contribute to the measured background scattering level either.
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To include the effect of the residual roughness on the background scattering we have

calculated the scattered intensity distribution numerically by using Eq. (19), substituting for h(x)

the measured profiles corrected for the apparent distortion of the period.  We have also used the

Schwartz window defined in Eq. (20) with a parameter  = 0.1 and a width L equal to the length

of each profile.  The physical aperture was taken into account by integrating the computed

intensity over a 0.7E interval centered at the scattering angle.  We average the five BRDF curves

computed for the profiles taken on each sample and compare them to the measured BRDF curves

for s-polarized light in Figs. 6 and 7, where we have matched the top of the specular peak of the

computed BRDF to that of the measured one.  The values of the peaks in the computed BRDF

curves are also found in Table 1.  Where the comparison is not obscured by the background in

the calculated results, the correlation between the measured peak magnitudes and the calculated

ones is good.  The measured peaks are higher than the calculated peaks but not excessively so.

To gain some insight into the variation of the power in the peaks with the rms roughness

we perform a numerical experiment and compare the computed power for one of the modified

profiles obtained for the aluminum sample with that obtained from profiles that are scaled by

increasing and decreasing the heights at all points by 5%.  Variations in the height of the profiles

are significantly larger than the 1% estimated error in the z-coordinates, as seen in Fig. 2.  The

results are shown in Table 2.  To exhibit the variations in the power in the specular peak, we give

the power in the peaks as fractions of the incident power.  The changes in the power in the peaks

of order 1 and !1 are much smaller than those of that in the specular peak because the parameters

correspond to a maximum of J ( ), so that variations are small.  Since J N( ) = ! J ( ), we have a1 0 1

maximum in the rate of change of the power in the specular peaks.
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The magnitude of the measured peaks also depends on the location of the illuminated spot

on the sample.  To obtain the computed BRDF curves shown in Figs. 6 and 7 we were careful to

measure the profiles at the same location as the illuminated spot used in the scatter

measurements.  We have also measured the light scattered by the surface at a number of

neighboring spots.  We again see that there is little variation of the first-order peaks, so to give an

idea of the variation of the power in the peaks we show in Table 2 the values that correspond to

the extremes of the power in the specular peak.  Factors of ~2 in the higher-order peak power

shown in Table 2 can be found both for the numerical experiment and the BRDF measurements.

The experimental background is much smaller than the computed one, which is due to the

two-dimensional nature of the residual roughness.  If we assume that the measured profile

corresponds to a one-dimensionally rough surface, all the light scattered by the residual

roughness is found in the plane perpendicular to the lay and is collected by the detector.  Since

the roughness actually is two-dimensional, only a fraction of the scattered light is collected by the

detector.  The integral of the PSD for frequencies less than f  = 0.01 µm  is proportional to the1
!1

power scattered into the aperture.  We note that the one-dimensional PSD, S (f), of the measured1

profiles falls off approximately as f  in the region of the higher frequencies that correspond to!2.3

the residual roughness.  This implies that the two-dimensional PSD of an isotropic surface, S (f),2

falls off approximately as f .  We compute the power ratio for different values of  using Eq.!3.3
s

(42) with the value of f  obtained from Eq. (35) for n = 0 and  = 6E, and we obtain thex i

computed values found in Table 3.  Comparison with the ratios obtained from the background

portions of the curves shown in Figs. 6 and 7 agree well enough to conclude that the reduced

background in the measured BRDF is due to the two-dimensional nature of the residual
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roughness.  The computed peak intensities should remain unchanged because the diffraction

peaks are a consequence of the one-dimensional grating profile.

The Beckmann theory that has been commonly used to understand scattering experiments

is a scalar theory that uses the Kirchhoff approximation.  The limits of the validity of the

Kirchhoff approximation for scattering from sinusoidal gratings has been discussed by Wirgin.  20

The intensities of the higher-order diffraction peaks for s-polarized light are similar for both

specimens, and much larger than expected from the Beckmann theory for a perfect sinusoid.

The most likely reason for the discrepancy between the measured and computed

magnitudes of the higher-order peaks is the presence of harmonics in the profile.  The PSDs of

the measured profiles clearly show several harmonics in addition to the fundamental.  The first-

order diffraction peak of the nth harmonic of the sinusoidal profile occurs at the same angle as

the diffraction peak of order n of the fundamental sinusoid and the intensity due to the former

may be much larger than that due to the latter.   A number of different harmonics can contribute2,3

to the same diffraction peak, as seen in Eq. (16).  The background noise in the profile and the

fluctuations in the stylus speed limit our ability to determine the higher-order harmonics in the

samples, which could be used to compute the light scattered by a simulated profile without

background noise.  The calculations performed using the Beckmann theory on profiles obtained

from stylus measurements do not show the intensities of the higher-order peaks above the

computed background noise.  The sharpness of the measured peaks in the BRDF curves indicates

that the period of the sinusoids on the samples does not vary as much as indicated by the

measured profiles.
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4.  Summary

We have investigated the scattering of laser light from two sinusoidal holographic

gratings, one gold-coated and the other aluminum-coated.  Measured and computed results are in

reasonably good agreement for the lower-order peaks, as shown in Table 1. 

These samples have limitations such as lack of homogeneity, residual roughness, and

harmonic content that preclude their use to verify the linearity of BRDF instruments.  The power

scattered into the different peaks differs from the predictions using measured profiles by varying

amounts to nearly a factor of two, as shown in Table 1.  It is an open question whether the

samples can be manufactured with sufficient uniformity of profile and sufficiently low residual

roughness that reproducible measurements of peak intensities can be obtained over, say, seven

orders of magnitude or more.  The introduction of harmonics of predetermined amplitude and

phase relative to the fundamental sinusoid could be used to produce peak intensities of different

magnitudes.

The background in the measured BRDF is much smaller than the one computed via the

Beckmann theory from the measured profiles.  This is explained by the two-dimensional nature

of the residual roughness, which is implicitly assumed to be one-dimensional in the calculation

of the BRDF from the measured profile.  Also the light beam profile can contribute to the

background, but here we estimate that this contribution is negligible due to the sharpness of the

instrument signature.

The magnitudes of the higher-order diffraction peak intensities are much larger than those

predicted for a perfect sinusoid.  We expect these peaks to arise from harmonics in the profile,

but fluctuations in the speed of the stylus with respect to the sample, varying amplitude of the
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sinusoid, possible distortion due to stylus tip shape, and background noise have kept us from

finding their amplitudes and relative phases, although the amplitude of the second, fourth and

fifth harmonics can be determined from the PSDs.  However, it will be difficult to measure

surface profiles with sufficient accuracy to calculate the weaker diffraction peaks accurately. 

Future work along these lines could include measurement of three-dimensional surface

topography maps  that characterize the random roughness more correctly, which could then be21

used to compute the background scattering level.

We thank T. B. Renegar for the profilometer measurements.
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Glossary of mathematical notation

a, D, K, : amplitude, period, wavenumber, and phase of the sinusoid

h(x), h(x,y): surface profile

J , I : Bessel function and modified Bessel function of the first kind of order nn n

k, : wavenumber and wavelength of the laser light

L: width of illuminated strip

sinc: sinc  = sin /

S(f ), S(f ,f ), S (f): PSDs of a surfacex x y 2

v , v , v : components of the difference between the incident and scattered wavevectorsx y z

w: width of a Gaussian function

W: windowing function

, P: electric field amplitude and power

, n , , n : polar and azimuthal angles of the incident and scattering directions (the azimuthali i s s

angle of the incident direction is assumed to vanish)

: angle for the diffraction peak of order nn

, T, T , T : rms value and autocorrelation length(s) of residual roughnessx y



32

Table 1.  Measured and Computed Diffraction Peak Intensities Relative to the Specular Peak Intensity

Diffraction peak Measured, aluminum Measured, gold Beckmann,  profiles Beckmann, Rayleigh,  sinusoida a b  c

sinusoid

d

order angle s-pol p-pol s pol p pol aluminum gold s pol p pol

!11 !70.0E — — — — — — 5.68×10 5.22×10 6.19×10e e e e g g  !20 !20 !20

!10 !57.6E — — — — — — 1.87×10 1.75×10 2.01×10e e e e g g  !16 !16 !16

!9 !48.6E 1.10×10 2.18×10 5.58×10 8.12×10 — — 1.42×10 1.34×10 1.50×10!6 !6 !7 !7 g  g  !13 !13 !13

!8 !40.9E 5.22×10 8.68×10 1.89×10 2.61×10 — — 4.66×10 4.43×10 4.90×10!6 !6 !6 !6 g  g  !11 !11 !11

!7 !34.0E 2.21×10 2.98×10 6.76×10 8.95×10 — — 8.25×10 7.89×10 8.63×10!5 !5 !6 !6 g  g  !9 !9 !9

!6 !27.7E 5.16×10 6.11×10 2.01×10 2.43×10 — — 8.62×10 8.29×10 8.96×10!5 !5 !5 !5 g  g  !7 !7 !7

!5 !21.7E 5.84×10 7.39×10 2.13×10 2.37×10 3.40×10 3.43×10 5.47×10 5.30×10 5.66×10!5 !5 !4 !4 !4 !4 !5 !5 !5

!4 !16.0E 2.59×10 2.85×10 4.67×10 4.90×10 2.13×10 3.36×10 2.09×10 2.04×10 2.16×10!3 !3 !3 !3 !3 !3 !3 !3 !3

!3 !10.4E — — — — 4.08×10 6.15×10 4.59×10 4.48×10 4.70×10   f f f f  !2 !2 !2 !2 !2

!2 !4.9E — — — — 0.406 0.585 0.508 0.499 0.517f f f f

!1 0.6E 2.35 2.46 2.77 2.84 1.78 2.36 2.11 2.08 2.13

0 6.0 E 1 1 1 1 1 1 1 1 1

1 11.5E 2.30 2.40 2.77 2.84 1.78 2.31 2.10 2.08 2.12

2 17.1E 0.583 0.626 0.728 0.753 0.377 0.562 0.478 0.469 0.487

3 22.9E 5.82×10 6.49×10 7.24×10 7.61×10 3.52×10 5.63×10 3.89×10 3.80×10 3.99×10!2 !2 !2 !2 !2 !2 !2 !2 !2

4 29.0E 1.92×10 2.10×10 3.57×10 3.80×10 1.41×10 2.75×10 1.51×10 1.47×10 1.56×10!3 !3 !3 !3 !3 !3 !3 !3 !3

5 35.4E 2.70×10 2.99×10 1.45×10 1.61×10 — 3.10×10 3.13×10 3.01×10 3.25×10!4 !4 !4 !4 g  !4 !5 !5 !5

6 42.4E 1.76×10 2.24×10 1.92×10 2.38×10 — — 3.51×10 3.35×10 3.69×10!4 !4 !5 !5 g  g  !7 !7 !7
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7 50.3E 4.38×10 7.41×10 5.70×10 8.38×10 — — 2.02×10 1.90×10 2.15×10!5 !5 !6 !6 g  g  !9 !9 !9

8 59.8E 5.50×10 1.33×10 1.26×10 2.12×10 — — 4.94×10 4.56×10 5.35×10!6 !5 !6 !6 g  g  !12 !12 !12

9 73.5E 5.94×10 1.78×10 — — — — 2.56×10 2.25×10 2.94×10!7 !6 e  e  g  g  !15 !15 !15

The uncertainty of each measured peak intensity is about 2% of the value.a

Values calculated from measured profiles using Eq. (19).b

Values calculated for a perfect sinusoid using Eq. (9).c

Values calculated for a perfect sinusoid using Eq. (21).d

Measured peak value obscured by the background.e

Diffracted  peak obscured by instrument receiver.f

Computed peak value obscured by the background.g
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Table 2.  Computed and Measured Power in the Peaks Relative to the Incident Power

Order Computed  (95%) Computed  (100%) Computed  (105%) Measured Measureda a a b b

!4 1.5×10 2.2×10 3.3×10 4.84×10 3.4×10!4 !4 !4 !4 !4

!3 4.8×10 6.2×10 7.9×10 — — !3 !3 !3 c c

!2 5.5×10 6.3×10 7.4×10 — — !2 !2 !2 c c

!1 0.28 0.29 0.29 0.29 0.29

0 0.20 0.16 0.13 0.11 0.13

1 0.28 0.28 0.29 0.29 0.29

2 5.0×10 5.9×10 6.8×10 7.9×10 7.1×10!2 !2 !2 !2 !2

3 4.3×10 5.5×10 7.0×10 9.1×10 7.4×10!3 !3 !3 !3 !3

4 1.3×10 2.0×10 2.8×10 4.5×10 1.7×10!4 !4 !4 !4 !4

Calculated from scaled measured profiles of the aluminum sample using Eq. (19).a

Measured at different spots of the aluminum sample, s polarization.b

Diffracted  peak obscured by instrument receiver.c
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Table 3.  Background Scattering Ratio

Scattering angle 15E 30E 45E 60E 75E

Computed ratio 0.045 0.017 0.011 0.0090 0.0080a

Measured ratio 0.07 0.02 0.02 0.02 0.01b

Calculated from Eq. (42).a

Averages of ratios determined from Figs. 6 and 7 between values obtained from measured BRDF curves and those computedb

from measured profiles.  The relative uncertainties in these comparisons are ~30%.



Figure Captions

Fig. 1.  Diagram showing the sample configuration and the sign convention for the angles

of the wavevectors of the incident and scattered waves.

Fig. 2.  Partial profile of the aluminum-coated grating measured with a 1-µm tip and PSD

of the full profile: (a) modified profile, (b) residual roughness computed from the Fourier

transform of the profile, truncated below a spatial frequency of 0.33 µm , and (c) and (d) the!1

corresponding PSDs.

Fig. 3.  Measured BRDF for the scattering of s- and p-polarized light by the aluminum

sample.  The peak power relative to the power in the specular peak is found in Table 1.

Fig. 4.  Measured BRDF for the scattering of s- and p-polarized light by the gold sample. 

The peak power relative to the power in the specular peak is found in Table 1.

Fig. 5.  Instrument signature.

Fig. 6.  Measured BRDF (s polarization) and BRDF computed from measured profiles

using the Kirchhoff approximation for the aluminum sample.  The peak power relative to the

power in the specular peak is found in Table 1.

Fig. 7.  Measured BRDF (s polarization) and BRDF computed from measured profiles

using the Kirchhoff approximation for the gold sample.  The peak power relative to the power in

the specular peak is found in Table 1.



x

y

z

θ
θ

φs

s

i

Fig. 1.  Diagram showing the sample configuration and the sign convention for the angles of the

wavevectors of the incident and scattered waves.
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Fig. 2.  Partial profile of the aluminum-coated grating measured with a 1-µm tip and PSD of the

full profile: (a) modified profile, (b) residual roughness computed from the Fourier transform of

the profile, truncated below a spatial frequency of 0.33 µm , and (c) and (d) the corresponding PSDs.!1
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Fig. 3.  Measured BRDF for the scattering of s- and p-polarized light by the aluminum sample. 

The peak power relative to the power in the specular peak is found in Table 1.
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Fig. 4.  Measured BRDF for the scattering of s- and p-polarized light by the gold sample.  The

peak power relative to the power in the specular peak is found in Table 1.



−10° −5° 0° 5° 10°10−8

10−6

10−4

10−2

100

102

104

 

 

θ

B
R

D
F 

(s
r−1

)

Fig. 5.  Instrument signature.
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Fig. 6.  Measured BRDF (s polarization) and BRDF computed from measured profiles using the

Kirchhoff approximation for the aluminum sample.  The peak power relative to the power in the

specular peak is found in Table 1.
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Fig. 7.  Measured BRDF (s polarization) and BRDF computed from measured profiles using the

Kirchhoff approximation for the gold sample.  The peak power relative to the power in the

specular peak is found in Table 1.
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