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In table 31.2, we summarize some adjustments in
which the uncertainties of various quantities have been
increased. In the first four adjustments, the a priori
uncertainties assigned the four low field y; values and
those assigned the x-ray data are expanded by the
multiplicative factors 1.43 and 1.28, respectively.
These are, of course, the same expansion factors used
in the previous section when only the WQED data
were being studied.3® These expansions are being
considered here for the same reasons as before,
namely, to investigate the effect of expanding selected
uncertainties, where the motivation for such expansion
is to better reflect the variability of the data. Adjust-
ment Nos. 36 through 39 of table 31.2 are the same as
Nos. 24, 25, 32, and 35 of table 31.1 with the
exception of the increased uncertainties. In general, x*
or Ry is significantly lower for these new adjustments,
some of the uncertainties of the adjusted values are
increased, and their numerical values are slightly
changed.

Adjustment Nos. 40 through 43 show the effect of
"expanding the a priori uncertainties assigned all of the
QED data as well as the y,(low) and x-ray measure-
ments. The multiplicative factor used for the QED
data, 1.40, is the Birge ratio of the weighted mean of
all of the QED a values except that implied by the
Kaufman, Lamb, et al. measurement of (AE-8)y (see
line 7 of table 30.1). We use this larger, more
conservative factor rather than, for example, the 1.19
implied by adjustment No. 2 of table 30.2, because of
the large variability of the QED data and the fact that
the excellent agreement among the three direct deter-
minations of u,/u, biases Rp in adjustment No. 2 of
table 30.2 to the low side.

Adjustment Nos. 40 through 43 are identical to
adjustment Nos. 36 through 39 of the same table with
the exception of the expanded QED uncertainties; and
with Nos. 24, 25, 32, and 35 of table 31.1 with the
exception of the expanded vy,(low), x-ray, and QED
uncertainties. Again we see the effect of the uncer-
tainty expansion is to decrease Ry or X%, to increase
some of the uncertainties of the adjusted values, and
to change the numerical values of the latter by only
small fractions of their uncertainties. This becomes
particularly clear upon comparing adjustment No. 41
of the table with No. 25 of table 31.1.

In conclusion, we believe that adjustment No. 41
represents the most reasonable way of handling all of
the stochastie data. The increased uncertainties in the
adjusted constants resulting from expanding the a
priori uncertainties of .the yj(low), x-ray, and QED
data more nearly reflect the overall variability of the
values of the adjusted constants with the particular
selection of input data. The normalized residuals of
the 27 items of input data are less than unity, with
four exceptions: The ETL vy;(low) result, the NPL vy,

" Adjustment No. 25 in table 31.3 yields the same x-ray expansion factor as does the
adjustment identical to No. 25 but with the a priori uncertainties assigned the y,(low)
measurements expanded by the multiplicative factor 1.43. The fact that the x-ray data are
only weakly coupled 1o the other data accounts for the constancy of the factor 1.28.
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(high) result, the 1931 Bearden-Henins value of A,
and the Shyn et al. value of a [eqs (14.2), (14.6),
(16.3), and (23.6)]. For these, r; is 1.07, 1.23, 1.17, and
1.49, respectively. In the worst case, that for Shyn et
al., the input value differs from the adjusted value by
only one and a half standard deviations. The overall
value of x? = 14.50 for the adjustment (21 degrees of
freedom) is quite satisfactory (R3z=0.83). We do not
believe that our approach is too conservative as one
might assume at first glance from this value of X?
because three groups of data are in such abnormally
good agreement among themselves that their own
internal x® contributes very little to the overall x* (K,
whipy, and p,/py; see tables 28.1 and 30.1). Indeed, if
adjustments are carried out in which we use eleven
input equations, each representing the weighted mean
of each of the different kinds of data in table 27.1
(excluding Knowles A, result, the two Faraday meas-
urements, and the Kaufman, Lamb, et al. o value),
then we find x?=12.01 for the adjustment correspond-
ing to No. 25 (Ry=1.55); x?=7.64 for the adjustment
corresponding to No. 37 (Rz=1.24); and x*=6.67 for
the adjustment corresponding to No. 41 (Rg=1.15). In
each, the number of degrees of freedom is 11 — 6 = 5.
Since x* for such adjustments depends only on the
compatibility of dissimilar kinds of data rather than on
the compatability of both similar and dissimilar data,
the 6.67 value for x> for 5 degrees of freedom gives
perhaps a clearer picture of the general agreement of
the data used in our recommended adjustment, No.
41.3' (The probability for v=>5 that a value of x* as
large or larger than 6.67 can occur by chance is 0.25.)

The entire set of constants resulting from adjust-
ment No. 41, which is our recommended set, will be
given in section IV.B.33.

IV. Recommended Values of Fundamental
Constants

In this portion of the paper we give numerical values
for the physical constants comprising both our “best”
set of WQED constants, and our final recommended
set derived from the WQED and QED data together. A
detailed description of how these constants were
obtained from the five or six adjustable constants or
“unknowns” used in each of these two adjustments
will be given as well. For our recommended set of
fundamental constants we also present an expanded
variance-covariance and correlation coefficient matrix
from which the uncertainty of any combination of
constants not given in the tables may be readily
calculated, and a briel description of how the matrix is
to be used. For the WQED set, we simply give an
unexpanded version of this matrix.

3 See footnate 29, section HEA 29,
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TaBLe 32.1. Our best set of WQED constants based on adjustment No. 21 of table 29.3. x? = 8.75 for 18 — 5 = 13
degrees of freedom; R, = 0.82.2 *
Uncer- Units
Quantity Symbol Value tainty ;
(ppm) Sl cgs’
Speed of light in vacuum c 299792458(1.2) 0.004 |m-s™? 10% ems™! _
Fine-structure constant, a 7.2973461(81) 1.1 1073 1073
[ amlehc) ol 137.03612(15) 1.1
. Flementary charge e 1.6021876(50) 3.1 w”c 10_29 emu
4,803238(15) 3.1 107" esu
Planck constant Tk 6.626167(38) 57 |10°%].s 107 erg-s
h=hi2n 1.054587260) | 5.7 {107%J.s 1077 erg-s
Avogadro constant Ny 6.022046(31) 5.2 10% mol ™! 10% mol ™V
Electron rest mass m, 9.109533(47) 51 11073 kg 107%
5.4858026(21) 038 {107*u 107
Proton rest mass m, 1.672648386) | 52 107 kg 107 ¢
- 1.007276470A1) | 0.011 {u u
Ratio of proton mass to mm, 1836.15152(70) 0.38
electron mass
Nentron rest mass m, 16749541860 | 5.2 |10 ke 107% g
1.008665012(37) | 0.037 |u u
Josephson frequency-voltage ratio 2elh 4.835941(13) 2.7 10" Hz-v™!
Quantum of circulation hl2m, 3.6369410(80) 2.2 107 J's~kg”l erg-s-g”}
him, 7.273882(16) 2.2 {107 J-skg™! erg-s-g”
Faraday constant, N e F 9.648447(29) 3.0 10* C-mol ™! 10 emu -mol !
: 2.8925317(87) | 3.0 10" esu-mol !
Bohr radius, a, 5.2017673%58) | 1.1 |1077m 107% em
[ucZam ™ Ymed = aldnR,
Classical electron radius, r, 2.817932893) | 3.3 [107%m 10" em
[rcHan] (€¥mee®) = o*laaR,, '
Gyromagnetic ratio of protons ) 2.6751278(80) 3.0 10% 77! 10857t G!
in H,0 V12 4.257598(13) 3.0 10" Hz-T™! 10° Hz-G ™!
Magnetic moment of protons in My 2.7927740(11) 0.38
Hy0 in nuclear magnetons
Ratio of 1 January 1969 BIPM K = Agu/A 1.0000003(26) 2.6
ampere to SI ampere
Ratio of 1 January 1969 BIPM R = 04,,/0 0.99999946(19) | 0.19
ohm to SI ohm
Ratio, kx-unit to &ngstrom, A 1.0020771(54) | 5.3
A = MAY Mhxu);
MCuKa)) = 1.537400 kxu

“bgee footnotes, table 33.1.
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A. The WQED Values

QOur best set of WQED constants follows from
adjustment No. 21, table 29.3. To reiterate, this
adjustment includes all of the WQED data listed in
table 27.1, that is, the first 21 items in the table [eqs
(4.4) through (18.3)] but with the following deletions
and modifications:

(1) The Knowles measurement of the electron comp-
ton wavelength, Ao [eq (18.2)], is deleted because of its
high degree of inconsistency with the remaining data
(see sec. 111.A.29).

(2) The two NBS measurements of the Faraday, F,
by Craig et al., and by Marinenko and Taylor [eqs
(13.1) and (13.2)] are deleted because of their incom-
patibility with the remaining data (see sec. II1.A.29).

(3) The uncertainties assigned the four low field
determinations of the proton gyromagnetic ratio, v}, at
ETL, NBS, NPL, and VNIIM [egs (14.1), (14.2),
(14.3), (14.4)] are increased by the multiplicative factor
1.43 in order to make the y,(low) values more
compatible and to better reflect their overall agree-
ment (see secs. I11.A.28 and 29).

(4) The uncertainties assigned the six items of x-ray
data ‘'used in adjustment No. 21 are increased by the
multiplicative factor 1.28 for the same reasons as in
(3). These data are the Bearden and 1. Henins, A.
Henins, and Spijkerman and Bearden values of the
ratio of the kxu to the metre, A [egs (16.3), (16.5),
(16.7)]; the I. Henins and Bearden, and Bearden
values of N,A3 [eqs (17.1), (17.2)]; and the Van Assche
et al. value of A [eq (18.3)].

For this adjustment, x2 = 8.75 for 18—5=13 degrees
of freedom and the Birge ratio, R, equals 0.82. The
five unknowns or adjustable constants were taken to
be a7, K=Ago/A, Ns, R=Qp1so/Q, and A. The
numerical values for these constants and those we
have derived from them, including the relevant uncer-
tainties and variance matrix, are given in the following
section.

Combined variance—covariance and correlation coef-
ficient matrix for our best WQED constants. The
variances and covariances, which are, respectively, on
and above the main diagonal, are expressed in (parts
per million)z. The correlation coefficients are in italics
below the diagonal.

TABLE 32.2.

a”! K® Na R® A
ol 1.218 -0.719 0.256 -0.018 -0.104
K* -0.246 6.997 -13.273 -0.000 3.498
Na 0.045 —~0.974 26.540 -0.054 —6.958
RY -0.086 -0.001 ~0.055 0.036 0.015
A -0.0i8 0.247 ~-0.253 0014 28.548

2 K=Agg/A.  ® R=0gs/00.

32. WQED Set and Variance Matrix

Table 32.1 gives the WQED. constants based on
adjustment No. 21 of table 29.3. Table 32.2 gives the
combined variance-covariance and correlation coeffi-
cient matrix for this set of constants. Since the set is
intended for use only in the particular instance when
one needs values which are independent of quantum
electrodynamics, we do not give an exhaustive list.
Rather the list is restricted to those quantities which
are most likely to be used under.these conditions.
Quantities which are not listed here may of course be
computed from those which are given; additional
auxiliary constants may be obtained from table 11.1.

One reason for not including a complete list of
WQED constants is the smallness of the differences
between the output values of the WQED adjustment
and the full adjustment. Only for the fine-structure
constant itself is the difference larger than half a
standard deviation; in. most cases it is much smaller.
This is apparent from table 32.3 in which we compare
selected WQED values with the corresponding final
recommended values. Clearly for the general user
there is no significant advantage to using the WQED

TABLE 32.3. A Comparison of our best WQED values of selected constants (table 32.1) with our final recommended values (table 33.1)
: WQED value and Final recommended Difference
Quantity Units ppm uncertainty value and (WQED - recommended)

ppm uncertainty (ppm)
a! 137.03612(15) 1.1 137.03604(11) 0.82 +0.6
e 107"c L.6021876(50) 3.1 1.6U218Y2(46) 2.9 -1.0
h 107% J-s 6.626167(38) . 5.7 6.626176(36) 5.4 . i -1.4
m, 107 kg 9.1.09533(47) 5.1 9.109534(47) 5.1 -0.1
Na 10% mol ™! 6.022046(31) 5.2 6.02204531) 5.0 -0.2
By 2.7927740(11)  0.38 ‘ 2.7927740(11)  0.38 0.0
F 10* C-mol ™! 9.648447(29) 3.0 9.648456(27) 2.8 -0.9

A 1.0020771(54) 5.3 1.0020772(54) 5.3 -0.1
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set of constants in preference to the recommended set,
even if one has misgivings concerning the validity or
-accuracy of quantum elecirodynamics. For the special
use of those who wish to verify QED theory and hence
require constants which are free of the theory which is
being tested, the fine-structure constant, a, is often
the only one needed.®

We shall postpone our detailed discussion of how
the various quantities in table 32.1 were obtained from
the adjusted values of @', K, N4, R, and A, and how
the matrix given in table 32.2 is to be used, until the
next section where we present our final recommended
set of constants.

B. The Recommended Values

Our final recommended set of constants follows
from adjustment No. 41, table 31.2: To reiterate, this
adjustment includes all of the data listed in table 27.1,
except for the following deletions and modifications in
addition to those made to the data. used for the WQED
adjustment of the previous section:

(1) The Kaufman, Lamb, et al. (AE-8),; result for a
[eq (23.5)] is deleted because of its gross disagreement
with the other data.

(2) The uncertainties assigned the remaining QED
data are expanded by the multiplicative factor 1.40 for
the same reasons as for the y;(low) and x-ray data (see
sec. IV.A.). These QED data are the value of «
derived from the Wesley-Rich (as revised by Granger
and Ford) electron anomalous moment determination
[eq (19.8)]; the hydrogen hfs value of « derived from
the measurement of vyp using the hydrogen maser [eq
{22.6)}; the determinations of the ratio of the magnetic
moment of the muon to that of the proton, w,/u,, by
Crowe, Williams, et al. [eq (21.1)], Hutchinson, et al.
[eq (21.2)], and DeVoe, Telegdi, et al. (as revised by
Jarecki and Herman) [eq (21.5)]; the Chicago-Yale
value of vyns [eq (21.2)]; the Baird et al. AEy result

% Ji should be noted, however, that the weighted average of the three direct
measurements of u, /i, given in table 21.1, w./u, = 3.183347980) (2.2 ppm), exceeds our
final recommended value, pu/p, = 3.1833402(72) (2.3 ppm), by 2.4 ppm.

for @ [eq (23.4)]; and the two (AE-8)y a values of
Shyn et al. [eq (23.6)] and of Cousens and Vorburger
[eq (23.7)].

For this adjustment, ¥* = 14.50 for 27—6 = 21 de-
grees of freedom, and the Birge ratio, R, equals 0.83.
The six unknowns or adjustable constants were taken
to be a—l, KEAB|69/A, NA’ REQB]SQ/Q, A., and m=
Mu/ip. The numerical values for these constants and
those we have derived from them, including the
relevant uncertainties and variance matrix, are given
in the following section.

33. Final Recommended Set and Variance Matrix

Tables 33.1, 33.2, and 33.3 give our recommended
set of constants based on adjustment No. 41 of Table
31.2. However, the following quantities, which are also
listed in the tables, were not subject to adjustment in
any way and were taken directly from table 11.1; c;
My; Ry 8012 = pelpg; 8125 polinns polits; pelpy; and

(2e/h)giee. Similarly, the atomic mass of the neutron,

M,, was taken from table 9.1; the Newtonian gravita-
tional constant, G, from eq (24.5); the molar volume of
an ideal gas, V,,, from eq (25.2); and the gas constant,
R, from eq (25.4). _

Of course, the six quantities a™!, K=Ag,g/A, R=
Qpies/Q, Na, A, and u=pu,/p, follow directly from the
adjustment itself since these constants were the un-
knowns or adjustable constants used therein. The
other constants follow from appropriate combinations
of these basic six and the auxiliary constants given in
table 11.1. The elementary charge is calculated from
the equation

e = [(roc/8)2elh)gisn) " - GKK.

(33.1)

The remaining constants of interest may then be
expressed as®

h = (o, c/2)-a™' e

me = UoRo - a3 e?;

** We have not included the constants for which the appropriate equations are already

given in the Tables, for example, F' = N ¢, a, = a/¢nR .. or which are simple ratios such as
mylm,. elm,, etc. Note that all quantities to the left of - are auxiliary constants assumed to
be exactly known,

TaBLE 33.1. Our final recommended set of constants based on adjustment No. 41 of table 31.2. x* = 14.50 for 27 — 6 = 21 degrees of

freedom; Rp = 0.832

Uncer- Units
Quantity Symbol Value tainty
(ppm) Sp cgs’
Speed of light in vacuum - | ¢ 299792458(1.2) 0.004 |{m-s™! 1* cms™!
Permeability of vacuum Ty 4ar 107" H-m™!
‘ — 12.5663706144 107 1l '
Permittivity of vacuum, Vpe® | e, 8.854187818(71) 0.008 |1072 F-m™!
Fine-structure constant, - 7.2073506(60) 0.82 |1073 1073
o amlethc) a! 137.03604(11) 0.82
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TaBLE 33.1. Our final recommended set of constants based on adjustment No. 41 of table 31.2. »® = 14.50 for 27 — 6 = 21 degrees of
freedom; R = 0.83*—Continued

. Uncer- Units
Quantity Symbol Value tainty
(ppm) S cgs’
Elementary charge e  1.6021892(46) 29 [1w07PcC 1072 emu
4.803242(14) 2.9 1071 esu
Planck constant 3 ' 6.626176(36) 54 |107*7]s 1077 erg-s
h=h/2m 1.0545887(57) 54 110 *Js 10 *erg's
Avogadro constant Ny 6.022045(31) 5.1 10% mol ™! 10% mol ™}
Atomic mass unit, u 1.6605655(86) 51 |10 % kg 1072 g
1072 kg-mol™! N ! .
Electron rest mass m, 9.10953447) 51 1107 kg 10728 ¢
5.4858026(21) 038 [107%u 107 u
Proton rest mass m, 1.6726485(86) 51 (107 kg - 1073 ¢
1.007276470(11) 0.011 |u u
Ratio of proton mass to m,,/m, 1836.15152(70) 0.38
electron mass
Neutron rest mass m, 1.6749543(86) 51 1077 ke 107% ¢
1.008665012(37) 0.037 |u u
Electron charge to mass efm, 1.7588047(49) 2.8 10" C-kg™! 107_emu-g-1
ratio 5.272764(15) 2.8 10" esu-g~!
Magnetic flux quantum, o, 2.0678506(54) 2.6 1107 Wb 1077 G-em?
{17 (hel2e) : hle 4.135701(11) 26 |107¥].s.C7! 1077 erg-s-emu”’
1.3795215(36) 2.6 1077 erg-s-esu™
Josephson frequency-voltage 2elh 4.835939(13) 2.6 101 Hz v}
ratio
Quantum of circulation hi2m, 3.6369455(60) 1.6 10°* J~s-kg_] erg~s-g_1
him, 7.273891(12) 1.6 |107*J-s-kg™! erg-sg”
Faraday constant, N 4 F 9.648456(27) 28  [10*C-mol™! 10% emu - mol ™!
2,8925342(82) 2.8 10" esu-mol ™!
Rydherg constant, R, 1.007373177(83) 0.075 [107 m™! . 10° em ™!
[;.l.ﬂcz/fhr]2 (mee‘/41rﬁsc)
Bohr radius, a, 5.2917706(44) 082 |10 m 107% em
[1qc 47] ! (ﬁzlmeez) = a/dmR..
Classical electron radius, re = aX 2.8179380(70) 2.5 0% m 107% em
{;.L062/41r] (ezlmecz) = 013/41'1'1?,C
Thomson cross section, (8/3)ar.* | o, 0.6652448(33) 4.9 10728 m? 1072 em?
Free electron g-factor, or &2 = plug 1.0011596567(35) 0.0035
electron magnetic moment in
Bohr magnetons
Free muon g-factor, or muon 8,2 1.00116616(31) 0.31
magnetic moment in units
of [c] (eh/2m,c)
Bohr magneton, [c] (e#/2m c) g 9.274078(36) 3.9 10 %577} 1072 erg'G—l
Electron magnetic moment e 9.284832(36) 3.9 10°%5.1! 1074 erg-G"l
Gyromagnetic ratio of vh 2.6751301(75) 28 |10ds7loT! 10* 571G}
protons in H,0 yhi2m 4.257602(12) 2.8 |10 Hz-T™! 10° Hz-G™!
¥p corrected for Vo 2.6751987(75) 28 108s71-T7! 10°s71.G™!
diamagnetism of H,0 Yol2m 4.257711(12) 28 10" Hz-T™! 10° Hz-G™!
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TaBLE 33.1. Our final recommended set of constants based on adjustment No. 41 of table 31.2. )* = 14.50 for 27 — 6 = 21 degrees of
freedom; Rp = 0.83*—Continued
Uncer- Units
Quantity Symbol Value tainty
{ppm) S ogs’
Magnetic moment of protons TRy 1.52099322(10) 0.066 {107% 1073
in HyO in Bohr magnetons
Proton magnetic moment /g 1.521032209(16) 0.011 |10 10-°
in Bohr magnetons
Ratic of electron and el 658.2106880(66) 0.010
proton magnetic moments
Proton magnetic moment “p 1.4106171(55) 3.9 10°%®j.77! 1073 erg:G™!
Magnetic moment of protons Hlpy 2.7927740(11) 0.38
in Hy0 in nuclear magnetons
By corrected for oyl 2.7928456(11) 0.38
diamagnetism of Hy0
Nuclear magneton, My 5.050824(20) 3.9 107 .77t 1072 erg-G_1
[c](eh(?m,,c)
Ratio of muon and ol 3.1833402(72) 2.3
proton magnetic moments
Muon magnetic moment My 4.490474(18) 3.9 1051 10~ erg-G'l
Ratio of muon mass to muime 206.76865(47) 2.3
electron mass
Muon rest mass m, 1.883566(11) 56 {107 % kg 1075 ¢
0.11342920(26) 2.3 u u
Compton wavelength of the Ac 2.4263089(40) 1.6 {1077 m 107" ¢m
electron, him,c = o/2R, Xe = A/27 = aa,| 3.8615905(64) 1.6 [107%m 107" em
Compton wavelength of the Ay 1.3214099(22) 1.7 105 m 1672 ¢m
proton, him ¢ Rew = Aol 2.1030892(36) 1.7 107, 107" ¢m
Compton wavelength of the Ao 1.3195900(22) 1.7 108 m 10°Bem
neutron, him,c Kew = Aew /20 2.1001941(35) 1.7 ]107%m 107 % cm
Molar volume of v, 22.41383(70) 31 1073 m® mot™! 10° cm® mol ™!
ideal gas at s.t.p.
Molar gas constant, pV./T, R 8.31441(26) 31 Jmol LK 10 erg-mo} ™ K™
(T, = 273.15 K; p, = 101325Pa 8.20568(26) 31 1075-m® atm-mol™"-K™' | 10 cm® atm-mol 'K ™!
= 1 atm) .
Boltzmann constant, RIN k 1.380662(44) 32 102557} 107 % erg-K ™!
Stefan-Boltzmann constant, o 5.67032(71) 125 1078 W.m 2K 107° erg-s_l-cm_z'K_4
24,0023 2
7k 160k c
First radiation constant, 2mhe’ € 3.741832(20) 5.4 107" W-m? 107° erg*cmz's-l
Second radiation constant, hc/k | ¢, 1.438786(45) 31 107 m-K cm-K
Gravitational constant G 6.6720(41) 615 107" m3~s_2'kg_l 1078 em®-s72.g 7!

2 Note that the numbers in parentheses are the one standard-deviation uncertainties in the last digits of the quoted value computed on the
basis of internal consistency, that the unified atomic mass scale®C £ 12 has been used throughout, that u=atomic mass unit, C=coulomb,
F=farad, G = gauss, H = henry, Hz = hertz = cycle/s, ] = joule, K = kelvin (degree Kelvin), Pa = pascal = N-m™%, T = tesla (10* G),
V = volt, Wb = weber = T-m?, and W = watt. In cases where formulas for constants are given (e.g., R.), the relations are written as the
produet of two factors. The second factor, in parentheses, is the expression to be used when all quantities are expressed in cgs units, with the
electron charge in electrostatic units. The first factor, in brackets, is to be included only if all quantities are expressed in SI units. We remind
the reader that with the exception of the auxiliary constants which have been taken to be exact, the uncertainties of these constants are
correlated, and therefore the general law of error propagation must be used in calculating additional guantities requiring two or more of these
constants. (See text.)

b Quantities given in u and atm are for the convenience of the reader; these units are not part of the Systéme International d’Unité (SI).

¢ In order to avoid separate columns for “electromagnetic” and “electrostatic” units, both are given under the single heading “cgs Units.”
When using these units, the elementary charge e in the second column should be understood to be replaced by en or e, respectively.

1. Phys. Chem. Ref. Data, Vol; 2, No. 4, 1973
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Tanir 3320 Our bial recommended vidues for varions quantities involving BIPM as-maintained electrical units (specifically, 1 January 1969
units), the kilo-x-unit (kxad, and the angstrom-star (A%
Quantity Symbol Value Uncertainty Units
(ppm)
Ratio of 1 January 1969 BIPM K = Apiee/A 1.0000007(26) 2.6
ampere to SI ampere
Ratio of 1 January 1969 BIPM R = Qgueel@ 0.99999947(19) 0.19
ohm to SI ohm
Ratio of 1 January 1969 BIPM Ve /V 1.0000002(26) 2.6
volt to S volt
Josephson frequency-voltage ratio (2e/h)pige 4.83594000 by definition 10" Hz-VB—I(I,9
used to define Vg9
Ratio. kx-unit to dngstrém, A = MAYVA(kxu): A 1.0020772(54) 5.3
MCuKay) = 1.537400 kxu . .
Ratio, A* 10 dngstrom, A* = MAYAA™); A* 1.0000205(56) 5.6
AMWKa;) = 0.2090100 A*
Voltage-wavelength conversion product, VA = he/le Vakxu) 1.2372820(66) 5.3 10* V-kxu
VA(A®) 1.2398266(70) 5.6 10t v A*
Compton wavelength of the electron. hfm.c Aetkxu) 24.21279(13) 5.6 107% kxu
Ac(A®) 24.26259(14) 5.9 1073 A+

2 See footnote a, table 33.1.

M, = (103 kg mol™")"" - m,N 5;
m, = (1073 kg -mol™") M, -N,"';
m, = (103 kg-mol™Y M, N, "
Yo =lupipp)/poR =] o 7
Mplpy = [107° kg mol™ Mp(pp/pplpoR <1 0% *Na '
mume = (Mo I )guE) * "5
my = (my/me)m.; and
M, = 10" kg mol™'y" myV,.
For the electrical and x-ray quantities we have
Vaue/V = KR:
A* = A/1.0020567(18);
Vakxu) = hefeA; VA(AY) = hcleA*;
and

Aelkxu) = himecA; Ae(A%) = himcA*.

The quantity A* is the ratio of the Angstrém star to
angstrom (107'° metre):
* = MAVAA™), (33.2)

J. Phys. Chem. Ref. Data, Vol. 2, No. 4, 1973

where A* is the basic unit of the x-ray scale developed
by Bearden [33.1, 16.2] and is defined by A(WKa,) =
0.2090100A*. The relationship given above between A
and A* then follows directly from this definition and
the wavelength of WKn, hased on M(CnKa,)=1.537400
kxu as given in eq (16.29).

For the energy conversion factors, we have

i

1 kg = {c?*}] = {c%e}eV; lu = {107%c*F leV;

{elk}K = {e}J,

1eV = {e/h}Hz = {e/hc}m™!

where, as in table 29.1, the braces indicate the
numerical value only,

We now turn our attention to a very brief discussion
of how the uncertainties assigned the various quan-
tities in the tables were obtained.*® It must first be
remembered that the uncertainties of the adjustable
constants which reeult from a least-squares adjustment
are in general correlated. This requires knowledge not
only of the variances (squares of the standard devia-
tions) of the adjusted constants, but their covariances
as well. The variances are given by the diagonal
elements of the error matrix 6! (a necessary by-
product of an adjustment), and the covariances by the
off diagonal elements. The variance of the ith adjnsted

33 This discussion follows very closely that given in Appendix A of ref. [0.1]; see also ref.

{29.21, p. 233.
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TaBLE 33.3. Our final recommended values for various energy
conversion factors and equivalents®

Uncer-
Quantity Value Units tainty
(ppm)
1 kilogram (kgc?) 5.609545(16) 10® MeV 2.9
1 Atomic mass unit (uc?) 931.5016(26) - MeV 2.8
1 Electron mass (m.c?) 0.5110034(14) MeV 2.8
1 Muon mass (mc?) 105.65948(35) MeV 3.3
1 Proton mass (m,c?) 938.2796(27) MeV 2.8
1 Neutron mass (m,c?) 939.5731(27) MeV 2.8
1 Electron volt 1.6021892(46) | 1073 2.9
' 1072 erg 2.9
leVih | 2.4179696(63) |10’ Hz 2.6
leVihe | 8.065479(21) 10° m™! 2.6
10° cm™! 2.6
leVik 1.160450(36) 10K 31
Voliage-wavelength 1.2398520(32) 107%eV-m 2.6
conversion, hc 107*eV-cm 2.6
Rydberg constant R.hc | 2.179907(12) 107#] 5.4
107" erg 5.4
13.605804(36) eV 2.6
R.c 3.28984200(25) | 10'° Hz 0.075
R.hefk| 1.578885(49) 10°K 31
Bohr magneton wy 5.7883785(95) | 10" eV-T™! 1.6
) 1.3996123(39) | 10'° Hz- 7! 2.8
pahe | 46.68604(13) m 7! 2.8
107 2em™ T 2.8
walk 0.671712(21) K-T! 31
Nuclear magneton ™ 3.1524515(53) 1078 ey 1! 1.7
vk | 1.62253%22) | 10° HeT™! 2.8
axhe | 2.542603072) [ 1077 m”lT' | 2.8
1074 e~ T 2.0
vk, | 3.65826(12) 1074 KT} 31

2 See footnote a, table 33.1, and text.

‘constant, v; = €2, is thus equal to (G!);, while the
covariance of the ith and jth adjusted constants, vy, is
given by (6™');. The error matrix is symmetrical so
that vy = vy.

If a quantity Q) depends on N statistically corrclated
quantities x; according to the equation

O = Olzy, x5 . . . 2), (33.3)
then the variance in Ok, &7, is given by
NN
. & .o
€? = , —%%— a%‘ vy, (33.4)

vhere u; is the covariance of x, and «;. This is a
completely general form. The units of €, are the same

as the units of @y and the units of v;; are the product
of the units of x; and x;. Often it is more convenient to
express the variances and covariances in relative
(dimensiontess) units, for example, in percent or ppm.

For most cases of interest involving the fundamental

constants, (; will depend on a number of constants Z;
as a product of powers:

LY
Qi = g H Z M

3=l

(33.5)

{av is just a numerical factor). If the variances and
covariances are then expressed in relative units, eq
(33.4) becomes

M\

Yii¥rivy, (33.6)

J
w-3
i=1 j

L)
—_

J. Phys. Chem. Ref, Data, Voli 2, No. 4, 1973
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722 E. R. COHEN AND B. N. TAYLOR

TaBLE 33.4. Expanded and combined variance-covariance and correlation coefficient matrix for our final recommended set of constants. The
variances and covariances, which are, respectively, on and above the main diagenal, are in (parts per million)". The correlation
coefficients are in italics below the diagonal

a’! K? Ny R® A us e h m, F
o™ 0.676 -0.399 0.142 ~0.010 -0.058 0.725 ~1.086 ~1495 | -0.142 ~0.943
K* ~0.186 6.808 ~13.206 +0.005 3.470 ~0.428 7.203 | 14.006 13.207 ~6.003
Ny 0.034 —¢.983 26.510 —~0.052 -06.948 v 0.153 ~13.400 -26.658 -26.373 13.116
R® —0.064 -0.011 ~0.053 0.036 0.014 -0.011 0.041 0.072 0.052 ~0.011
A —0.013 0.240 -~0.253 0.014 28.514 -0.062 3.512 7.027 6,911 —3.106
u 0.388 —0.072 0013 ~0.025 —0.005 5.165 -1.165 ~1.604 -0.153 ~1.012
e —0.457 0.956 ~0.902 0.075 0.230 —0.178 8.330 15.573 13.401 -5.071
h ~0.334 0.986 ~0.951 0.070 0.242 ~0.130 0.991 29.651 26.661 | —11.085
me —0.034 0.986 -~0.997 0.053 N 259 —~0.013 0.904 0.953 26 376 —-12.972
F ~0.404 —0.811 0.898 ~0.020 -0.225 -0.157 ~0.619 -0.718 | -0.89% 8.045

2 K=Ag/A. "R=0gu/f. ‘p =l

where the v; are to be expressed, for example, in and correlation coefficient matrix for our recom-
(ppm)?. Equation (33.4) may also be written in terms of mended set of constants. For the convenience of the
correlation coefficients defined by ry=vy/(v,v,)12= reader, we have expanded this matrix to include e, &,
vy/€i€ (note that riy=1); m,, and F in addition to the constants actually used as
N unknowns in the adjustment. Such an expansion
€l = z <_EQ“_> €2 + 2 ry€i€; ——- 3 BQ" (33.7) follows from the fact that the covariance of two
o\ o i# oxi o - quantities Q, and Qy is simply
Similarly for eq (33.6):
J J = NN 90 0, (33.9)
z= Z Yiile® + Z ri€ieY Yy,  (33.8) = = ¢ )
- i If Q) and Q, are of the form given in eq (33.5), we can
where the € are to be expressed in ppm. Clearly, if then write in place of eq (33 9)
r;=0 for i#j (i.e., no correlation), then eqs (33.7) and
(33.8) reduce to the usual law of error propagation for 2 2 YiiYss vis, (33.10)
uncorrelated quantities. =
Table 33.4 gives the combined variance-covariance where the vy are to be expressed in (ppm)>.

J. Phys. Chem. Ref. Data, Vol. 2, No. 4, 1973
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compute the ratio .file and its uncertainty. Combining
the’ two equations for & and e given earlier in this
“‘section yields
hle = [2/(2e/h)pise] KR . (33.11)
‘Taking (2e/h)gs9, K, and R as given in table 33.2, we
then obtain Afe = 4.135701 x 10™'5 J-s-C-'. To
‘calculate the uncertainty in hie we use eq (33.6) and
table 33.4. Letting K correspond to j=2 and R to j=4
gives
e = Yivg, + 2V,Y, 05 + Yiv,,.  (33.12)
‘(Note that auxiliary constants are always assumed to
be exactly known.) Comparing eq (33.11) with eq (33.5)

vields ¥, =1 and Y, = 1. Thus we obtain from eq
{33.12) and table 33.4,

€7e = [6.808 — 2(0.005) + 0.036] (ppm)?, (33.13)
x €, = 2.614 ppm. An alternate procedure would be
to evaluate €, directly from table 33.4; then e
‘corresponds toj = 7 and & toj = 8, and we find
€ =Yivs, + 2V, Vqvig + Yiug,

= [8.330 — 2(15.573) + 29.651] (ppm)?, (33.14)

which of course also yields €, = 2.614 ppm.

V. Conclusions

Here we summarize the main features of the present
work as well as attempt to put it in perspective with
regard to similar past efforts.

“As an example of the use of these matrices, we.

A. Comparison with Past Adjustments and Overall
Quolity of Present Adjustment

In the following two sections, we compare selected
values of our best WQED and final recommended
constants with their appropriate counterparts resulting
from the two most recent adjustments; and point out
what we consider to be the present major areas of
difficulty in the fundamental constants field and the
future research necessary to eliminate those difficul-
ties.

34. Chonges in the Values of Selected Constants

In table 34.1 we compare our 1973 WQED values for
several constants with the similar WQED values given
by Taylor et al. [0.1] in their 1969 adjustment. From
the table, it is clear that the changes in a™!, e, h, m,,
and A are well within the respective one standard
deviation uncertainties of the 1969 results. However,
this is obviously not the case for N,, up/uy, and F.
These quantities have changed three to four times
their respective 1969 uncertainties. The reason for
this, of course, is that in their 1969 adjustment, Taylor
et al. discarded the so called ‘high values” of iy,
retaining the ‘“‘low values’” and the Craig et al.
determination of the Faraday which were highly com-
patible (see sec. III. A.29). In the present work, we
have deleted this determination of the Faraday and
also that of Marinenko and Taylor (which is in good
agreement with that of Craig et al.), and have used for
to/uy the two recent sub-ppm determinations of Ma-
myrin et al. and of Petley and Morris which, although
in excellent agreement, are some 10 to 30 ppm larger
than the low values used by Taylor et al. in 1969, It
should also be noted that any other quantity which

TaBLE 341, A Comparison of our best WQED values fora ', e, A, mf,, Nas u,,/;w, F, and A with the WQED
values resulting from the 1969 adjustment of Taylor et al.?

) Value, this Uncer- Valx;e, 1969 Uncer- Change

Quantity Units adjustment tainty adjustment tainty 1973-1969
(ppm) (ppm) (ppm)
a™! 137.03612(15) 1.1 137.03608(26) 1.9 +0.3
e 10¥c 1.6021876(50) 3.1 1.6021901(81) 50 ~l6
h 1073 J-s 6.626167(38) 5.7 6.626186(57) 8.5 -2.9
m, 1073 kg 9.109533(47) 5.1 9.109553(56) 6.2 ~-2.2
Ny 10% mol~! 6.022046(31) 5.2 6.022174(41) 6.8 ~21
ooty 2.7927740(11) 0.38 2.792709(17) 6.2 +23
F 10* C-mol™’ 9.648447(29) 3.0 9.648667(54) 5.6 ~23
A ) 1.0020771(54) 5.3 ’ 1.0020762(53) 5.3 +0.9
® Ref. [0.11. ' |
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TaBLE 34.2. A Comparison of our final recommended values for o}, e, h, m,, Na, pp/py, and F with those final recommended values

E. R. COHEN AND B. N. TAYLOR

resulting from the 1969 adjustment of Taylor et al., and the 1963 adjustment of Cohen and DuMond®

Value, this Value, 1969 Change Value, 1963 Change
Quantityb adjustment, and adjustment, and 1973-1969 adjustment, and 1973-1963

pPpm uncertainty ppm uncertainty (ppm) ppm uncertainty (ppm)
ot | 137.03604(11) 0.82 137.03602¢21) 1.5 +0.15 137.0388(6) 4.4 -20
e 1.6021892(46) 2.9 1.6021917(70) 4.4 - -1.6 1.60210(2) 12 +56
h 6.626176(36) 5.4 6.626196(50) 7.6 -3.0 6.62559(16) 24 +88
m, | 9.109534(47) 5.1 9.109558(54) 6.0 —2.6. 9.10908(13) 14 +50
Na 6.022045(31) 5.0 6.022169(40) 6.6 =21 6.02252(9) 15 -19
oy 2.7927740(11)  0.38 2.792709(17) 6.2 +23 2.79268(2) 1.2 +34
F 9.648456(27) 2.8 9.648670(54) 3.9 —-22 9.64870(5) 5.2 -25

 Refs. [0.1] and [29.1].

b The units for e are 10~ C: for h, 107 J-s; for m,, 1073 kg; for Ny, 10% mol™; and for F, 10* C-mol ™.

depends on N, (such as m,), or on u,/uy (such as
mpime), will exhibit a similar large change between its
1969 and 1973 values. The dependence of the adjusted
values of N, on wuj/uy may be seen by expressing
Mp /uy in terms of the variables of our least-squares
adjustment. We find from table 29.1

MMy (/1) 2e/h) pr6g]? . o .
16R .. K3(Qpyo/)?

(o /pn)N .=

(34.1)

Since none of the quantities on the right side of this
equation have changed greatly since 1969 (although
there have been significant improvements in accu-
racy), any change in u,/juy between the two adjust-
ments is reflected as a corresponding inverse change
in Ny. We also note that the uncertainty in N, is
determined primarily by the uncertainty in K2.

In table 34.2 we compare our 1973 final recom-
mended values for several constants with the similar
recommended values given by Taylor et al. in their
1969 adjustment, and for historical purposes, with
those given by Cohen and DuMond in their 1963
adjustment [29.1]). Clearly, the previous statements
made regarding table 34.1 apply here as well. We also
note that the uncertainties for the 1973 values are
lower than the corresponding uncertainties for the
1969 values. There are four main reasons for this.

(a) Four values of y;(low) were used in the present
adjustment rather than two as in 1969: Those of ETL,
NBS, NPL, and VNIIM, vs those of NBS and NPL.
Although we expanded the @ priori uncertainties
assigned the four by the multiplicative factor 1.43, the
uncertainty in their weighted mean is still less than it
was for the weighted mean of the NBS and NPL
results used in 1969. This is due in part to the

J. Phys. Chem. Ref. Data, Vol. 2, No. 4, 1973

increased number of values in 1973 as well as. to their
lower individual uncertainties.

(b) The Josephson effect values of 2e/h available in
1973 (in as-maintained electrical units) are so precise
that 2e/h may be taken to be an auxiliary constant.
This was not the case in 1969. At that time, the 2.4
ppm uncertainty assigned the only available Josephson
effect measurement of 2¢/h made it necessary to
include it as a stochastic input datum. The net effect
of (a) and (b) together is to reduce the uncertainty in
cwqep from 1.9 ppm in 1969 to 1.1 ppm in 1973 (see
table 34.1).

(c) Many more items of QED data have been
included in our 1973 adjustment than were included in
the 1969 adjustment of Taylor et al. Indeed, they only
used the value of a derived from the hydrogen
hyperfine splitting. Although we have expanded the a
priori uncertainties assigned the QED data in the
present work by the multiplicative factor 1.40, the
QED data still provide a value of @ with an uncertainty
of about 1.2 ppm. This is significantly less than the 2.6
ppm uncertainty of the Hhfs value of a used by Taylor
et al. in 1969, and is due in part to the many more
items of QED input data used here and to the
improvement in the uncertainty assignment of a(Hhfs)
from 2.6 ppm to 1.6 ppm.

(d) The two values of u,/uy which we have used in
the 1973 adjusunent have uncertainlies between 13
and 60 times less than the uncertainties of the values
used by Taylor et al. This accounts in large measure
for the decrease in the uncertainties in N, and F
between the 1969 and 1973 adjustments.

Tables 34.1 and 34.2 once again emphasize the point
made in ref. [0.1}: . . . no set of fundamental
cunstants should be taken as Gospel truth.” Although
we feel that the present adjustment brings us another
step closer to that truth, we also *“. . . . recognize that
further significant changes in our knowledge of the
constants may well take place.”
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35. Current Problem Areas and Future Research

We believe that the present state of our knowledge
soncerning the fundamental physical constants, while
:atlsfactory in some cases, is extremely unsatisfactory
in-others.

Perhaps the area of greatest concern is the inconsis-
tency between the various determinations of the gy-
mmagnenc ratio of the proton. The 10 ppm spread i in

disturbing. Although the 2 for the distribution of the
four determinations is not statistically improbable

;orced us to expand the a priori uncertainties of the
L,Qw-fleld measurements by the factor 1.43 and pre-
vented the use of awgep as a critical test of its QED
counterpart.

“Some resolution of this situation might be reached if
increased accuracy could be achieved in the high field
determinations of y, and in the determination of the
‘ampere conversion factor, K. With the presently
S‘avaulable data the uncertainty (standard deviation) of
‘the low field y; determinations is 2.3 ppm, that of the
high field determinations is 6.8 ppm. If the accuracy
of the high field measurements could be improved by a
factor of 3 so as to bring it equal to that of the low
eld data, we would not only have a value of K
ccurate to 1.6 ppm [see ey (14.12)], but also a
ificantly improved value for the Avogadro constant
see eq (34.1)] and independent verification of the
Faraday [see eq (29.4)], as has been recently empha-
gized by Taylor [35.1].

We thus conclude that improvements in the accu-
acy of measurements of the gyromagnetic ratio by
both the low field and high field techniques (hopefully,
to the few parts in 107 level) should be considered of
the highest priority in the area of precision measure-
ments; until this is achieved, we are severely limited
1s:to what can be said experimentally about the
existence of proton polarizability, the completeness of
lhe theory of the muon hyperfine splitting or even a
sible critical test of Wyler’s intriguing theory of the
fine-structure constant [35.2].% It is therefore fortu-
nate that several groups are working on this problem
.13, 14.19, 35.4]. ,

Alternatively, a direct remeasurement of the Fara-
- constant would help to resolve the question of
sible systematic error in the existing measurements
that quantity. The two currently available Faraday
étant determinations are so inconsistent with the
B er data that they had to be deleted. This is, of
tourse, a highly disturbing situation. Although the
ther data appear to be sufficiently reliable and
msistent that the finger of suspicion points unequivo-
:eally at the Faraday, it would be more satisfying if a

Yier's theoretical value for @™ is (167*/9X120/7°)" = 137.0360824 . . ., which may be
ared with our final recommended value, 137.03604(11). Wyler also predicted {35.3)
6> = 1836.118108 . . ., which may be compared with our final recommended
836.16162(70), '

dds approximately 10:1 against), the large scatter-

direct experimental confirmation of the incorrectness
of the two existing values was obtained. The Faraday
determinations now underway at NBS and NPL will
hopefully resolve this question [13.4, 35.5, 35.6].

The unsatisfactory situation with respect to the x-ray
data which faced Taylor et al. in 1969 is still present
today. The only two new items of data which have
become available since then are ‘A. Henins’ 10 ppm
determination of the ratio A, and the 33 ppm determi-
nation by van Assche et al. of the electron Compton
wavelength A;. Unfortunately, none of the combined x-
ray-optical interferometer experiments now underway
[16.10, 35.7, 35.8] have yielded a result sufficiently
reliable to include in an adjustment (see secs. II. B.16
and 17). We trust that this situation will not continue
indefinitely and that x-ray measurements will play an
important role in future adjustments, especially in
determining a value of the Avogadro constant and in
resolving the Faraday discrepancy once and for all [see
eq (29.4)].

While the situation with the QED data has improved
considerably since 1969, there are still some major
problems. These include: (1) The extremely discrepant
nature of the supposedly highly accurate Kaufman,
Lamb et al. determination of (AE — § )y, implying
perhaps that the kind of experiments used to deter-
mine hydrogen fine-structure are not as well under-
stood as believed. Another indication of this possibility
is the apparent magnetic field dependence of the
hydrogen fine-structure measurements [23.12] and
their generally low implied values of a~!. (2) The
uncertainty in the theoretical expression for the hydro-
gen hyperfine splitting due to our lack of complete
knowledge concerning the proton polarizability; (3) the
relatively large uncertainty in the presently available
determinations of p,/u, which limits the accuracy of
the value of @ which may be derived from the
combined Chicago-Yale 0.4 ppm determination of the
muonium hyperfine splitting, vyu,; and (4) the uncer-
tainty in the theoretical expressions for the hyperfine
splitting in muonium and positronium and for the fine-
structure in helium. The fact that we had to expand
the a priori uncertainties assigned the QED data by
the multiplicative factor 1.40 in order to make them

‘more compatible quantitatively reflects some of the

problems with these data. We strongly urge that work
aimed at eliminating these difficulties be carried out at.
the carliest poseible time. The theory of the proton
polarizability and of the hyperfine splitting in muonium
and positronium would seem to be of particular
importance.

We also note that if the experiments referred to
above are successful in determining y),{low) with an
accuracy of few parts in 107, then improved measure-
ments of Ry, {lg5/€), and pp/ps (e.g., accuracies of a
few parts in 108) would be useful in order to obtain a
value of the fine-structure constant with the highest
possible accuracy [see eq (31.1)].
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While the Newtonian gravitational constant, the gas
constant, and the Stefan-Boltzmann constant play no
role as yet in a least-squares adjustment, they are still
of great intrinsic importance. In view of the fact that
no postwar measurements of R exist, it would seem
that new and improved measurements would be espe-
cially in order. Thus, Quinn’s [25.6] recent proposal
for determining R from velocity of sound measure-
ments should no doubt be actively pursued.

In conclusion, we believe that there is much useful
work yet to be done in the fundamental constants field
and that the romance of the next decimal place should
be passionately pursued, not as an end in itself but for
the new physics and deeper understanding of nature
that presently lie concealed there.
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Notes Added in Proof

We note here recent. developments relevant to.the
subject matter of this paper that have occurred or
have come to our attention since its completion. (Each
paragraph is keyed to the corresponding section in the
text.) }

1. 2elh from the Josephson Effect. Experimental tests
of the exactness of the Josephson frequency-voltage
relation (upon which the determination of 2e/h de-
pends) have yet to uncover any deviations. Two of the
more recent attempts to detect such deviations are
those of J. C. Gallop (National Physical Laboratory
Report Qu 25, August, 1973) and J. C. Macfarlane
[Appl. Phys. Lett. 22, 549 (1973)]. T. A. Fulton [Phys.
Rev. B 7, 981 (1973)] has shown theoretically that any
“corrections” to 2e/h as obtained from the Josephson
frequency-voltage relation would imply a breakdown in
Faraday’s law.

2,4. Volt and Ohm Intercomparisons. A regular
triennial international comparison at BIPM of the as-
maintained units of voltage and resistance of the
various national laboratories was carried out during the
first half of 1973. However, at the time of this writing
(November, 1973), the final results of these intercom-
parisons were not yet available.

3. Speed of Light. T. G. Blaney et al. [Nature 244,
504 (1973)] have recently confirmed one of the more

important intermediate frequency ratios of Evenson et -

al.’s [3.1] measurement of the frequency of the
methane stabilized He-Ne laser which determined the
value of ¢ recommended by the CCDM at their June,
1973, meeting (see sec. I11.A.3). We have, of course,
adopted the CCDM value as our recommended value.
We also note that the Comité International des Poids

et Mesures (CIPM), at its 62nd meeting held in-

October, 1973, has now approved the June recommen-
dations of the CCDM (E. Ambler, private communica-
tion).

7. Bound State g-Factor Corrections. The theoretical
bound state g-factor corrections of Grotch and Heg-
strom which werc used in scction IILA.7 have received
additional experimental support. J. S. Tiedeman and
H. G. Robinson (4tomic Physics 3, Ed. by S. J. Smith
and G. K. Walter (Plenum Press, New York, 1973), p.
85) report the preliminary experimental result

&(H, 125 p)ge = 1-17.69(10) x 1075,

which compares favorably with the theoretical result of -

eq (7.2a), 1-17.705 x 107%. Furthermore, Grotch and
Hegstrom [Phys. Rev. A 8, 1166 (1973)] have extended
their work to helium and find

giHe,2 35 ))/g;(H,1 2S,,5) = 1-23.212 x 1075,
(See also M. L. Lewis and V. W. Hughes, Phys. Rev.

A 8, 2845 (1973).) This result is in good agreement
with the experimental measurements of E. Aygiin, B.

J. Phys. Chem. Ref. Data, Vol. 2, No. 4, 1973

D. Zak, and H. A. Sugart [Phys. Rev. Lett. 31, 803
(1973)] who find the ratio to be 1-23.50(30) x 10-%.

9. Atomic Masses. The relative atomic masses of the
nuclides of Wapstra, Gove, and Bos which are listed in
table 9.1 and which we have used herein have been
further updated by these workers prior to final publi-
cation by taking into account the most recent data.
However, the resulting changes in the values of table
9.1 (one or two digits in the last place) are entirely
negligible as far as our recommended values are
concerned.

10. Rydberg Constant. We note here that laser
saturated absorption spectroscopy may shortly yield a
value of R. accurate to 1 or 2 parts in 10%. (See T. W.
Hiansch, 1. S. Shahin, and A. L. Schawlow, Nature
Phys. Sci. 235, 63 (1972).) Indeed, Hinsch (private
communication) is well on the way towards obtaining
such a result.

12. 4bsolute Ampere. In a private communicartion, S.
V. Gorbatsevich has provided us with further results of
the VNIIM absolute ampere experiments. However, a
detailed description of the work is not given. He
reports that Ayyye:/A was found to be as follows in
the years indicated: »

1966: 1.0000165(27) (2.7 ppm),
1968: 1.0000158(16) (1.6 ppm),
1969: 1.0000162(18) (1:8 ppm).

The quoted uncertainties are the statistical standard
deviations of the means of some 80 to 90 measure-
ments. Correcting for known changes in the as-
maintained VNIIM ohm, and using the results of the

1967 BIPM triennial intercomparison, Gorbatsevich
finds for K = Ape/A:

1966: 0.9999965(27) (2.7 ppm),
1968: 0.9999963(16) (1.6 ppm),
1969: 0.9999973(18) (1.8 ppm).

These data yield a weighted mean of 0.9999967(12).
Taking into account the most recent determinations of
the gravitational acceleration introduces a —1.0 ppm
correction to this result while the estimated effect of
wire strain leads to a (2.0 = 1.0) ppm correction.
Thus, Gorbatsevich reports the final value

K = 0.9999977(60) (6.0 ppm),

where the quoted uncertainty now includes both
random and systematic uncertainty components.

The above result may be compared with our recom-
mended value, K = 1.0000007(26) (2.6 ppm). The 3.0
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ppm -difference between the two is clearly consistent
with the assigned uncertainties. Although information
concerning the VNIIM result sufficient for us to
‘seriously consider it as a potential stochastic input
datum is presently not available, we do note that if it
Were included, our recommended values for the var-
ious constants would change by only small fractions of
thelr assigned uncertainties. Similarly, the uncertain-
ties themselves would change by only small amounts.
This may be readily seen from table I. We give there
in the column labeled Case A representative results of
‘an adjustment identical to that used to obtain our final
tecommended values but with the VNIIM datum
included. (For this adjustment, x? is 14.71 for 22
degrees of freedom; Ry = 0.82.) For reference pur-
‘poses, we also repeat in the second column of the
table the final recommended uncertainties of the
‘Felevant quantities as originally given in tables 33.1
-and 33.2. A comparison of the two columns clearly
shows that any changes in our recommended values
due to the VNIIM result would be etitirely negligible.

15. Proton Magnetic Moment in Nuclear Magnetons.
“The final report by Petley and Morris [J. Phys. A:
‘Math., Nucl. Gen. 7, 167 (1974)] on their omegatron
‘measurements of uh/uy gives

iy = 2.7207748(20) (0.72 ppm),

48 the final result of their work. This may be
Gompared with the value given in their preliminary
‘i_eport, ref. [15.13], and which we have used in the
bfésent paper:

up/uxn = 2,7297748(23) (0.82 ppm).

Although the result itself is unchanged, the final
uncertainty is 0.1 ppm less than the preliminary
uncertainty. However, this change is obviously entirely
negligible as far as our final recommended values are
concerned. Its primary effect would be to lower the
uncertainty of our recommended values for up/uy and
other closely related quantities such as u,/uy and
my/m, from 0.38 ppm to 0.37 ppm. With regard to
the numerical values of these three constants them-
selves, they would increase by only 0.02 ppm. Other
constants would generally change by less than 0.01 -
ppm.

16. Ratio, kxu to dngstrim. The combined x-ray and
optical interferometer measurement of. A by Deslattes
and collaborators at the National Bureau of Standards
which was discussed in sections I1.B.16 and 17 has
advanced .to the point where reliable results are now
available. R. D. Deslattes and A. Henins [Phys. Rev.
Lett. 31, 972 (1973)] report that

A = 1.0020802(10) (1.0 ppm),

based on the x-unit scale we have used herein
(MCuKa,) = 1.537400 kxu). This value exceeds our
final recommended value given in table 33.2,

A = 1.0020772(54) (5.3 ppm),

by only 3.0 ppm, well within the 5.3 ppm uncertainty
assigned the latter. Thus, the two values are quite’
consistent.

It is of interest to investigate the effect of this new
result on our recommended values of the constants. If
it were simply nsed as an additional stochastic input

TABLE 1. Possible changes in our final recommended values for various changes in input
data
ppm ppm change in recommended value (first number),
uncertainty and in its uncertainty (second number)
in final rec-
Quantity | ommended
value
(from Case A? Case B? Case C° Case D4
tables
33.1, 33.2)
al 0.82 0.03 0.00}-0.01 0.00{ 0.01 0.00}-0.03 0.04
Apo/A 2.6 -0.5 -0.2 7 03 -0.1 ] 0.2 -0.1}1 00 0.0
N, 5.1 0.9 —-0.4 1-0.7 —-0.1 {-0.5 —0.2 0.0 0.0
Qg2 0.19 0.00 0.00{ 0.00 0.00f 0.00 0.00f 0.00 0.00
A 5.3 -0.2 0.0 | 29 -4.3 | 3.1 ~-4.31 00 00
. 2.3 0.0 0.0 | 00 0.0 00 0.0] 00 02
e 2.9 -0.5 -0.2 ] 0.4 -0.1| 0.2 -0.1{ 0.0 0.0
I3 5.4 -1.0 ~0.4{ 07 ~0.1} 05 -0.2 | 0.1 0.0
m, 5.1 -0.9 -0.4 | 0.7 -0.1] 05 -0.21 00 0.0
F 2.8 0.4 -0.1 |-0.3 0.0 {-0.3 -0.1]1 00 0.1
Y 2.8 0.4 ~0.1 |-0.3 -0.1 ]-0.3 -0.1] 00 0.0
ol 0.38 0.00 0.00y 0.00 0.00{ 0.00 0.00f 0.00 0.00

a8 VNIIM value for K = Apyy/A included.

¢ Deslattes-Henins value for A included but most x-ray data deleted.

calculation

for C, used.

b Deslattes and Henins’ value for A included.

¢ Carroll and Yao’s

4. Phys. Chem. Ref. Data, Vol. 2, No. 4, 1973
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datum with an uncertainty as given, then we would
obtain the results summarized in table I in the column
labeled Case B. Clearly, our final recommended values
for the various constants would change by only small
fractions of their assigned uncertainties and the uncer-
tainties themselves would change by only small
amounts. The only exception, of course, would be A
itself. For this quantity we would find

A = 1.00208010(98) (0.98 ppm),

very nearly the Deslattes-Henins input value. (For this
adjustment, x? is 14.81 for 22 degrees of freedom; Rjp
= 0.82.)

The above procedure would, however, be rather
unrealistic since Deslattes and Henins’ result now
makes obsolete all of the x-ray data except perhaps
the two measurements of N,A3. (This is obviously true
for the three values of A, eqs (16.3), (16.5), and (16.7).
It is also true for the two values of A, egs (18.2) and
(18.3), since A in metres as determined from R. and
a is so well known that the x-ray measurements of A
are cssentially determinations of A.) Thus, using the
same data as were used in our final adjustment but
with eqgs (16.3), (16.5), (16.7), (18.2), and (18.3) re-
placed by the Deslattes-Henins value of A, and
without expanding the uncertainties of either this value
or the two values of N,A® since they are highly
compatible, we obtain the results of Case C in table 1.
(For this adjustment, x% is 11.21 for 18 dcgrces of
freedom; Ry = 0.79.) Clearly, the remarks made con-
cerning Case B hold for this case as well. The
adjusted value of A would be

A = 1.00208027(98) (0.98 ppm).

We also note that with the availability of the
Deslattes-Henins result, including even the two N ,A3
determinations as was done above is questionable. The
reason is that the new result, in combination with the
two measurements of N A%, yields a value of N, with
an uncertainty just about three times larger than the
uncertainty in the value of ¥, implied by the other
data {see eq (34.1)]. Conversely, the value of A implied
by this value of N, and the two available determina-
tions of N,A3 hae an uncertainty close to five times
that of the Deslattes-Henins result. Thus, one could
seriously consider discarding all of the x-ray data

- except the new value of A.

19. Electron Anomdlous Moment. Two new values of
C, have become available since the completion of our
paper. The recalculation by Wright and Levine dis-
cussed in section I1.C.19 has now been completed [M.
J. Levine and J. Wright, Phys. Rev. D, 8, 3171
(1973)1. They report

Levine, Wright: €, = 0.883(60).

J. Phys. Chem. Ref. Data, Vol. 2, No. 4, 1973

This result includes the analytic (exact) values for a
number of graphs as calculated by M. J. Levine and
R. Roskies [Phys. Rev. Lett. 30, 772 (1973)], some of
which have been recently confirmed by K. A. Milton,
W. Tsai, and L. L. DeRaad (Phys. Rev., to be
published). A new, completely numerical calculation
by R. Carroll and Y. P. Yao [Phys. Lett. 48B, 125
(1974)] using the mass operator formalism gives

Carroll, Yao: C, = 0.737(60).

Both of these new results may be compared with that
of Kinoshita and Cvitanovic which we have used in the
present work [eq (19.6)]:

Kinoshita, Cvitanovic: C, = 1.02440). (19.6)
Clearly, these three values of C, are in rather poor
agreement. The value of x* for their weighted mean is
16.43 (R; = 2.9). The probability for two degrees of
freedom that a value of x? this large or larger could
occur by chance is less than 3 in 10°. Further work
will be required to resolve this discrepancy.

Two additional calculations of C; have alsv re-
cently been completed. J. Calmet and A. Peterman
[Phys. Lett. 47B, 369 (1973)] find C, = 0.366(10); C.
Chang and M. J. Levine (as quoted in the above
Levine and Wright paper) find C; = 0.370(13). These
two results are in excellent agreement and yield a
weighted mean of C; = 0.367(8). The value of C; we
have used in the piesent paper as obtained by Aldins
et al., C, = 0.36(4) [see eq (19.5)], is obviously in quite
good agreement with the two new calculations.

Tt is of interest to investigate the effect of the new
results for C on our final recommended values. (The
effect of the two new calculations of C; alone would be
undiscernible since a 0.007 change in C; and hence in
C corresponds to only a 0.08 ppm change in the
implied value of a!(a,).) Following section I1.C.19 but
taking the value of C, as appropriate and C, = 0.367(8)
as above, we find

Levine, Wright
C = 1.152(61),
a Ya,) = 137.03543(42) (3.1 ppm);

Carroll, Yao

¢ = 1.006(56),
a Ya) = 137.03521(42) (3.1 ppm).
These values may be compared with the corresponding
values used in the present work which were based on
the resulis of Kinoshita and Cvitanovie, and the value
C., = 03004 of Aldins et al.:
€ = 1.985057), 19.7)

a '(a,) = 137.03563(42) (3.1 ppm). (19.8)

I'he uncertainty in these values of a™'(a.) is due
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arily to the 3.0 ppm experimental uncertainty in
(19.1)]. Thus, this uncertainty masks the changes
Yae) of (—1.5 = 0.8) ppm and (-3.1 = 0.8) ppm
-to the changes in C which follow respectively from
L.evine-Wright and Carroll-Yao calculations.

:As an example of the influence of these new values
~a.) on our final recommended values for the
stants, we consider the more extreme case; that of
roll and Yao. Using the value of a~'(a.) implied by
ir calculation in place of that implied by the work
Kinoshita and Cvitanovic, eq (19.8), we first find
the QED data are somewhat more incompatible
than previously; the multiplicative factor to obtain
apatibility (i.e., Rp) is 1.56 compared with 1.40 (see
II1.C.31). Then, using the Carroll-Yao a '(a.)
ult and applying this expansion factor to all of the
D data but otherwise repeating the adjustment used
toiobtain our recommended values, we find the results
of €ase D in table 1. Once again we see only
asional very wminur changes in both the numerical
ues of our recommended constants and in their
ertainties.

Ve also note that a new determination of a, by F. L.
lls and T. S. Stein has recently been reported
ys. Rev. Lett. 31, 975 (1973)]. Using a bolometric
hnique to observe the g-2 resonance of a stored
electron gas, they find a, = 0.001159667(24) (21 ppm),
good agreement with the result of Wesley and Rich,
(19.1), but the uncertainty. of the Walls-Stein value
ome 7 times larger. :

1. Muon Magnetic Moment. The 7.8 ppm correction
>to Jarecki and Herman which was used in section
i:21 to take into account the pressure shift in g;(M)
ms to be slightly in error. These workers appar-
ly used the gage pressure (230 psi) of the two
evant Chicago measurements rather than the abso-
pressure. The correction should actually be 8.3
m. The net eftect of this change is to lower the
te of w,/u, resulting from the Chicago work, eqg
:5), by 0.5 ppm to

My = 3.1833480(148) (4.7 ppm).

us, the Chicago result is now in even better
eement with the more accurate value of Crowe,
liams et al., eq (21.1), than it was previously.

It'is rather obvious that this approximate one tenth
tandard deviation shift would have little impaet on
-recommended values. Its effect on the weighted
an of the three direct measurements of w,/up, eqs
, (21.2), and (21.5), is to decrease it by 0.1 ppm.
quantity o '(vunss), eq (22.4), would thus decrease
only 0.05 ppm, and the consistency factor for the
;. data would change by only 0.01 from 1.40 to
The vast majority of our recommended values
d change by no more than 2 or 3 parts in 108, with
-.exception of u,/u, and other closely related
ntities such as m,/m, and m,; these would change
):07 ppm. The uncertainties of the recommended

values would remain as given in tables 33.1-33:3
22. Muonium Hyperfine Splitting. The final report
by the Chicago group of their zero-field Ramsey

. resonance work originally described in ref. [22.14] has

now appeared [D. Favart et al., Phys. Rev. A 8, 1195
(1973)]. However, the results are unchanged and are as
given in table 22.2. The Chicago group has also
carried out an additional measurement using this same
method but with Ar as the stopping gas [H.G.E.
Kobrak et al., Phys. Lett. 43B, 526 (1973)]. They
report vyn(p) = 4463265.3(2.4) kHz for a density cor-
responding to p = 1802 torr. But in obtaining this
pressure, the real pressure-volume relation for Ar was
not taken into account. Using the virial coefficient data

~of J. H. Dymond and E. B. Smith [The Virial

Coefficients of Gases, a Critical Compilation {Claren-
don Press, Oxford, 1969)], we find p = 1805 torr. (It
should be noted that this difference is of little practical
consequence since the total pressure shift correction is
only of order 10 ppm.)

We also take this opportunity to similarly correct the
Chicago Ar measurements of Ehrlich et al. [22.13] and
to separate their two 12600 torr runs which they had
originally combined. (This separation is more consist-
ent with our handling of the Yale data. Note also that
all of the Yale data as well as the remaining Chicago
data had, in the original papers, been reduced to 0 °C
using the true pressure-volume relation for Ar and Kr.)
Thus, the Chicago Ar data of table 22.2 now reads

Pressure Value

(torr) (kHz)

3030 4463220(22),
3159 4463249.3(13.2),
7150 2463152.17(2. 37),
12734 4463039.7(12.9),
12734 4463020.2(11.4),
1805 4463265.3(2.4),

where we have also slightly revised the uncertainties
we had originally assigned the 3150 and 12600 meas-
urements in order to include the systematic effects
discussed by Erhlich et al. in ref. [22.13].

Repeating the least-squares fit of section 1I.C.22
with these and the remaining data of table 22.2, we
find

Vungs = 4463303.82(1.42)kHz (0.32 ppm),
as = —4.186(65) x 1079 torr™},
ag, = —10.595(56) X 1079 torr™!,
bar = 6.27(85) X 107" torr 3,
by = 8.30(1.24) x 1075 torr 2.
(For this fit, x* is 17.56 for 29 degrees of freedom; Ry
= 0.78.) In comparing these results with those of

section II.C.22, eqs (22.2) and (22.3), we see that the
changes are extremely minor. The muonium hyperfine
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splitting remains unchanged and its uncertainty is
decreased by only 0.08 ppm. Similarly, the various
pressure shift coefficients remain essentially un-
changed but their uncertainties have decreased.

Since it is necessary to use the theoretical expres-
sion for the muonium hyperfine splitting frequency in
order to include the experimental value in a least-
squares adjustment, and since the 2.0 ppm uncertainty
of the former overwhelmingly dominates the several
tenths ppm uncertainty of the later, the cffect on our
recommended values of the above 0.08 ppm decrease
in the uncertainty of vyn(experimental) would be
completely undiscernable, i.e., changes of less than
0.01 ppm.

We also note here that the final report on the
hyperfine pressure shift measurements of Ensberg and
Morgan (ref. [22.16]) for hydrogen isotopes in argon
has now appeared'[C. L. Morgan and E. S. Ensberg,
Phys. Rev. A 7, 1494 (1973)]. Their final results have
changed little from those given in ref. [22.16] and
which we have listed in eq (22.1), except that the
uncertainties have been considerably reduced. These
workers have also accurately measured the tempera-
turc dependence of the fractional pressure shift coeffi-
cient a [see eq (22.1)] and although its effect would be
rather small, for the sake of completeness it should be
taken into account in future extrapolations of Vyn(p)
to zero pressure. This would require full knowledge of
the actual temperatures at which the various measure-
ments of vyn(p) were carried out.

22. Hydrogen Hypecrfine Splitting. Essen et al. in a
recent publication [Metrologia 9, 128 (1973)] have
further described their hydrogen maser work at the
National Physical Laboratory. They have now taken
into account the so called “stem effect” and find that

J. Phys. Chem. Ref. Data, Vol. 2, No. 4, 1973

their earlier result, which was reported in ref. [22.18]
and which we have given in eq (22.5¢), should be
modified to

vunis = 1420405751.7662(3) Hz.

The respective 0.0005 Hz and 0.0007 Hz reductions in
Vinss and its uncertainty are, of course, inconsequential
as far as our final recommended valucs arc concerncd.

24. Newtonian Gravitational Constant. At least three
experiments are currently underway to determine the
Newtonian gravitational constant to greater accuracy:
A collaborative effort between the National Physical
Laboratory, the University of Edinburgh, and the
Instituto di Geodesia e Geofisica of the University of
Trieste [A. H. Cook, Contemp. Phys. 9, 227 (1968); A.
Marussi, Memo. Soc. Astron. [tal. 43, 823 (1972)]; a
collaborative experiment between the National Bureau
of Standards (Gaithersburg) and the University of
Virginia (G. G. Luther and W. R. Towler, private
communication); and a collaborative effort between the
National Bureau of Standards (Boulder) and the Uni-
versity of Colorado at the Joint Institutc for Laboratory
Astrophysics (J. E. Faller and B. Koldewyn, private
communication).

Official Adoption. Our recommended set of con-
stants, tables 33.1, 33.2, and 33.3, were approved for
international use by the CODATA Task Group on
Fundamental Constants and adopted officially by the
8th CODATA Ccneral Assembly at its September,
1973, meeting in Stockholm, Sweden. A summary
report of the present paper by the Task Group giving
our recommended values is published in CODATA
Bulletin No. 11, December, 1973.
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