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”To understand hydrogen is to understand all of physics.”
– Victor Weisskopf (cited by Dan Kleppner in Physics Today, April 1999).

“There is a reason physicists are so successful with what they do, and that
is they study the hydrogen atom and the helium ion and then they stop.”
– Richard Feynman (cited by Jeff Flowers in Nature, July 2010).
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”To understand hydrogen is to understand all of physics.”
– Victor Weisskopf (cited by Dan Kleppner in Physics Today, April 1999).

“There is a reason physicists are so successful with what they do, and that
is they study the hydrogen atom and the helium ion and then they stop.”
– Richard Feynman (cited by Jeff Flowers in Nature, July 2010).

Helium and lithium now also rank as a fundamental atomic systems. What’s new?
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”To understand hydrogen is to understand all of physics.”
– Victor Weisskopf (cited by Dan Kleppner in Physics Today, April 1999).

“There is a reason physicists are so successful with what they do, and that
is they study the hydrogen atom and the helium ion and then they stop.”
– Richard Feynman (cited by Jeff Flowers in Nature, July 2010).

Helium and lithium now also rank as a fundamental atomic systems. What’s new?

• Essentially exact solutions to the quantum mechanical three-body problem.

• Accurate relativistic and QED corrections up to order α4 Ry for total energies, and
α5 Ry for fine structure splittings.

• Techniques of single-atom spectroscopy.

semin23.tex, March, 2012. Thanks to Randolph Pohl.
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OUTLINE

Main Theme: Both theory and experiment continue pushing toward ever

higher levels of accuracy. Explore ways that they can be combined to achieve

new types of measurements, or measurement techniques.

Examples – Hot Topics:

• Properties of exotic “halo” nuclei from atomic isotope shifts

Theory: Drake (Windsor), Yan & Wang (UNB), Pachucki (Poland)

Experiment: Argonne (Chicago), GSI (Darmstadt), TRIUMF (Vancou-

ver)

• Atomic fine structure splittings as a means to measure the fine structure

constant.

Theory: Drake (Windsor), Pachucki (Poland), Yerokhin (Russia).

Experiment: Shiner (North Texas), Hessels (York), Gabrielse (Harvard),

Inguscio (Florence)

• Proton size anomaly: the electronic and muonic values do not agree

for the charge radius (Randolf Pohl, Garching)
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Halo Nuclei Halo Nuclei 66He and He and 88HeHe

Borromean

Isotope Half-life Spin Isospin Core + Valence

He-6 807 ms 0+ 1 α + 2n

He-8 119 ms 0+ 2 α + 4n

I. Tanihata et al., Phys. Lett. (1992)
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Charge Radii MeasurementsCharge Radii Measurements

Methods of measuring nuclear radii (interaction radii, matter radii, charge radii)
Nuclear scattering – model dependent
Electron scattering – stable isotope only
Muonic atom spectroscopy – stable isotope only
Atomic isotope shift

He-3 He-4 He-6 He-8
QMC Theory 1.74(1) 1.45(1) 1.89(1) 1.86(1)

µ-He Lamb Shift 1.474(7)

Atomic Isotope Shift 1.766(6) ? ?
p-He Scattering 1.95(10) GG

1.81(09) GO
1.68(7) GG
1.42(7) GO

RMS point proton radii (fm) from theory and experiment

G.D. Alkhazov et al., Phys. Rev. Lett. 78, 2313 (1997);
D. Shiner et al., Phys. Rev. Lett. 74, 3553 (1995).

6He



HIGH PRECISION SPECTROSCOPY

THEORY

– Hyperfine structure

– N.R. energies and relativistic corrections

– QED effects

Fine Structure

Isotope Shift (SIS)

⇒ internal check of

theory and experiment

4He – 6He

0

1s2p 3P
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6 6

Transition

Isotope Shift

⇒ nuclear radius
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Total Transition
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⇒ QED shift
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Flow diagram for types of measurements.
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Phenomenologically, The isotope shift between iso-
topes x and y for some atomic transition frequency
is

(IS)x−y = A +B(r̄2c, x − r̄2c, y)

where r̄c = rms nuclear charge radius.

semin23.tex, March, 2012.
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Phenomenologically, The isotope shift between iso-
topes x and y for some atomic transition frequency
is

(IS)x−y = A +B(r̄2c, x − r̄2c, y)

where r̄c = rms nuclear charge radius.

Measure (IS)x−y, and calculateA andB from atomic
theory.

semin23.tex, March, 2012.
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History
1. G.W.F. Drake in Long-range Casimir Forces: Theory and Recent Experiments

in Atomic Systems, Edited by F.S. Levin and S.A. Micha (Plenum, New York,
1993).

3He – 4He Isotope shift (MHz)

Transition Theory a Experiment b Difference

2 3S1 − 2 3P0 33 667.734(1) 33 667.968(38) –0.234(38)

2 3S1 − 2 3P1 33 667.459(1) 33 667.693(38) –0.234(38)

2 3S1 − 2 3P2 33 668.447(1) 33 668.670(38) –0.223(38)

aAssuming rc(
3He) = 1.875± 0.05 fm.

bZhao, Lawell, and Pipkin, Phys. Rev. Lett. 66, 592 (1991).

Adjust rc(
3He) = 1.925± 0.008 fm.

2. Riis, Sinclair, Poulsen, Drake, Rowley and Levick, “Lamb shifts and hyperfine
structure in 6Li+ and 7Li+: theory and experiment,” Phys. Rev. A 49, 207–220
(1993).

Showed that the 6Li – 7Li difference in rc is in good agreement with nuclear
scattering data.

3. Marin, Minardi, Pavone, Inguscio, and Drake, “Hyperfine structure of the 3 3P
state of 3He and isotope shift for the 2 3S − 3 3P transition,” Z. Phys. D 32,
285–293 (1994).

Yielded rc(
3He) = 1.956± 0.042 fm.

4. Shiner, Dixson, and Vedantham, “Three-Nucleon Charge Radius: A Precise Laser
Determination Using 3He,” Phys. Rev. Lett. 74, 3553 (1995).

Yielded rc(
3He) = 1.9506± 0.0014 fm from the 2 3S1 − 2 3P0 transition.
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Time-Line for Isotope Shift Measurements

1993 Pipkin/Drake [1, 2]: 3He-4He 2 3S-2 3P =⇒ r̄c(
3He) = 1.963±0.006 fm (revised

2006 [3]).

Riis [4]: 6Li+-7Li+ agrees with ∆r̄2c from nuclear scattering data.

1994 Inguscio [5]: 3He-4He 2 3S-3 3P =⇒ r̄c(
3He) = 1.985± 0.041 fm (revised/06).

1995 Shiner [6]: 3He-4He 2 3S-2 3P =⇒ r̄c(
3He) = 1.9643± 0.0011 fm (revised/06).

1996 GSI: Andreas Dax suggests the 11Li halo nucleus experiment.

2000 GSI [7]: Schmitt, Dax, Kirchner, Kluge, Kühl, Tanihata, Wakasugi, Wang, and
Zimmermann: Formal 11Li proposal in Hyperfine Interactions.

GSI: Wilfried Nörtershäuser begins work on the 11Li experiment.
Drake & Goldman [8]: Bethe logs and QED corrections for He =⇒ control of
theoretical uncertainties up to order α3µ/M Ry (∼1 part in 1010).

semin54.tex(0) March/12 17



2001 Argonne: Z.-T. Lu suggests 6He experiment.
Pieper & Wiringa [9]: r̄c from QMC calculations.

2003 Yan & Drake [10]: Bethe logs and QED shift for Li and Be+.
Pachucki & Komasa [11] confirm QED result for the ground state.

2004 Argonne [12]: 6He experiment completed.

2006 Feldmeier, Neff and Roth [13]: Fermionic molecular dynamics calculations.
GSI/TRIUMF [14]: 9Li and 11Li experiment completed.

2007 Pachucki & Moro [15]: nuclear polarization correction.

2008 Puchalski & Pachucki [16]: independent calculations for Li and Be+.
Argonne [17]: 8He experiment completed.
TRIUMF [18]: Penning trap mass measurement for 11Li.
GSI/Mainz/ISOLDE [19]: 11Be experiment completed.

2009 Pulchalski and Pachucki [20]: hyperfine splittings for Li and Be+

TRIUMF [21]: Penning trap mass measurement for 11Be

2011 GSI [22, 23]: Nuclear structure calculations and interpretation
Neff, Sick, Nördershäuser, Sanchez [24].

2012 TRIUMF: Penning trap mass measurement for 6He and 8He
GSI/ISOLDE [25]: 12Be experiment completed.

2013 Argonne/GSI: Proposed boron proton-halo experiment 8B.

semin54.tex(0) March/12 18



31 908.1271�15� MHz for J=2 to 0 in 4He from Giusfredi
et al. �11� compared with 29 616.844�22� and
31 908.040�22� used by �7� or 31 908.135�3� used by �8�. We
also adopted the displacement 323.9503�12� MHz of
2 3P0F=1/2 above the hypothetical 2 3P0 measured by �8�
and the hyperfine shift of 2246.5873 MHz of 2 3S1F=3/2
below the hypothetical 2 3S1 in 3He from the precise mea-
surement of 2 3S1F= 3

2 to 1
2 by Rosner and Pipken �12� and

the calculations of �6�. Zhao et al. �7� used 323.977�12� and
2246.559 MHz for these. Drake et al. �5� did take advantage
of the improved splitting of 3 3P in 4He by Mueller et al.
�13� to update the isotope shift for 2 3S1-3 3P0 in �9�, and we
have included a small revision of 1283.069�93� MHz from
�6� for the hyperfine shift of 3 3P0F=1/2.

The first four entries in Table II list the original measure-
ments by �7–9�, the isotope shifts derived with the above
numbers, and the resulting rc�

3He� obtained from Eq. �2�
with rc�

4He�=1.673�1� from Borie and Rinker �14�. For
completeness, the table repeats from �5� the scattering mea-
surement by Amroun et al. �15� and a theoretical value for
rc�

3He� from Pieper and Wiringa �16�.

All six results plotted in Fig. 1 show excellent consis-
tency, supporting a recommended rc�

3He�=1.9642�11� fm.
There is a small decrease and a reduced error from the best
value of 1.9659�14� obtained by Drake et al. �5� and adopted
by �6�, and the other two results for 2 3S1-3 3P0 now show
much better agreement. We found that the use of separate
��ri� for each isotope affects the fifth significant figure of
rc�

3He� and hence is important for only the most accurate
measurement used here.

Unfortunately, the charge radius for 4He remains the weak
link in the isotopic method. Its error of 0.001 fm contributes
almost one-half of the final error of 0.0011 fm, and it could
be worse. As noted in �5�, the adopted rc�

4He�=1.673�1�,
derived from the Lamb shift in muonic helium, has not been
reproduced, though it is consistent with a theoretical
1.670�4� derived from the point proton radius listed in �16�
and Eq. �29� of �5�.

Accurate measurements of other isotope shifts in helium
would be very useful in testing our preferred value, as would
an improved determination for 2 3S1-3 3P0.

TABLE II. Original measurements, revised isotope shifts, and the resulting charge radius.

Transition
Measurement

�MHz�
Isotope shift �� jk

�MHz�
rc�

3He�
�fm�

3He�2 3S13 /2-2 3P01 /2�-4He�2 3S1-2 3P1� 1480.573�30�a 33 668.062�30� 1.963�6�
3He�2 3S13 /2-2 3P01 /2�-4He�2 3S1-2 3P2� 810.608�30�a 33 668.057�30� 1.962�6�
3He�2 3S13 /2-2 3P01 /2�-4He�2 3S1-2 3P2� 810.599�3�b 33 668.066�3� 1.9643�11�
3He�2 3S11 /2-3 3P01 /2�-4He�2 3S1-3 3P0� 45 394.413�137�c 42 184.368�166� 1.985�41�
Electron-nucleus scattering 1.959�30�d

Nuclear theory 1.96�1�e

aZhao, Lawall, and Pipken �7�.
bShiner, Dixson, and Vedantham �8�.
cMarin et al. �9�.
dAmroun et al. �15�.
ePieper and Wiringa �16� with Eq. �29� form �5�.

FIG. 1. The nuclear charge radius for 3He
plotted in the same order as in Table I.

BRIEF REPORTS PHYSICAL REVIEW A 73, 034502 �2006�

034502-2
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REPORT

Frequency Metrology in Quantum Degenerate Helium: Direct Measurement of
the 2 3S1 → 2 1S0 Transition

R. van Rooij1, J. S. Borbely1, J. Simonet2, M. D. Hoogerland3, K. S. E. Eikema1, R. A. Rozendaal1, W. Vassen1,*

Author Affiliations

↵*To whom correspondence should be addressed. E-mail: w.vassen@vu.nl

ABSTRACT

Precision spectroscopy of simple atomic systems has refined our understanding of the fundamental laws of quantum

physics. In particular, helium spectroscopy has played a crucial role in describing two-electron interactions,

determining the fine-structure constant and extracting the size of the helium nucleus. Here we present a

measurement of the doubly forbidden 1557-nanometer transition connecting the two metastable states of helium

(the lowest energy triplet state 2 3S1 and first excited singlet state 2 1S0), for which quantum electrodynamic and

nuclear size effects are very strong. This transition is weaker by 14 orders of magnitude than the most

predominantly measured transition in helium. Ultracold, submicrokelvin, fermionic 3He and bosonic 4He atoms are

used to obtain a precision of 8 × 10−12, providing a stringent test of two-electron quantum electrodynamic theory

and of nuclear few-body theory.

The first observations of helium emission spectra at the end of the 19th century

revealed two separate series of lines, associated with orthohelium and parahelium,

respectively. In 1926, Heisenberg explained the distinction between these two

spectra on the basis of wave mechanics, electron spin, and the Pauli exclusion

principle (1). The spectrum of orthohelium arises from triplet states for which the

electron spins are parallel, whereas in parahelium the electron spins are

antiparallel, forming singlet states (Fig. 1). From the lowest state of orthohelium,

the 1s2s 3S1 state (denoted 2 3S1), only excitations to triplet states have been

observed. Orthohelium transitions from the 2 3S1 state and associated studies of

the n 3P0,1,2 (n = 2,3) fine-structure splittings (2–7) have enabled tests of quantum

electrodynamics (QED) (8, 9), as well as a determination of the fine-structure

constant (5, 10). In the singlet spectrum of helium (parahelium), electric-dipole transitions from the 1 1S0 ground state (11) and

from the metastable 2 1S0 state (12, 13) have also provided tests of high-precision QED calculations. All these frequency

metrology studies have been performed using either atomic beams or gas discharges. However, helium in the metastable 2 3S1
state (He*, lifetime 8 × 103 s) can be laser-cooled and trapped, which allows much longer interaction times for excitation of weak

transitions. He* atoms have been cooled to μK temperatures, which revealed quantum statistical effects of bunching and

antibunching (14) and allowed quantum degeneracy to be achieved for both the bosonic isotope 4He (15, 16) and the fermionic

isotope 3He (17).
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2 1S0

2 1P1

1 1S0

parahelium

2x~120 nm

1557 nm

2059 nm

A=9.1 x 10­8 s­1 2 3S1

2 3P0,1,2

1083 nm

orthohelium

=τ 8000 s

=τ 98 ns

=τ 20 ms

Figure 1: Relevant energy levels, transition wavelengths and state lifetimes of helium. The
magnetic-dipole transition connecting the 2 3S1 state and the 2 1S0 state has a wavelength of
1557 nm and an Einstein-A coefficient of 9.1×10−8 s−1. A focused 1557-nm laser also con-
stitutes a trap for ultracold atoms in the 2 3S1 state because it is red detuned from the 2 3S1 →
2 3PJ transitions. As the 1557-nm laser light is blue detuned from the 2 1S0→ 2 1P1 transition,
atoms in the 2 1S0 state are anti-trapped.

experiments ∆r2c = 1.01± 0.13 fm2 (26, 29). Comparing the values of ∆r2c , we find our result
to be in good agreement but an order of magnitude more precise. An independent spectroscopic
measurement in helium on the 2 3S1 → 2 3P0 transition (30) gives ∆r2c = 1.059(3) fm2, ob-
tained using the most recent QED calculations (19). Although the measurement precision of the
isotope shift for this transition is comparable to our precision, the smaller uncertainty in ∆r2c is
due to a larger sensitivity to differential nuclear charge effects. Presently, the accuracy to which
the 4He charge radius is known sets a lower limit on the uncertainty of the 3He charge radius
determined from helium spectroscopy. Our measurement presents a value for the 3He nuclear
charge radius of 1.961(4) fm.

We have also demonstrated that all of the trapped atoms can be transferred to the 2 1S0 state,
producing a source of ultracold singlet helium. Optically trapping these atoms simultaneously
with cold 1 1S0 ground state atoms (produced after two-photon decay) opens up the possibility
to perform two-photon spectroscopy on the 2 1S0 ↔ 1 1S0 transition (11, 31), where QED and
nuclear size effects are strongest.
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Frequency Metrology of Helium around 1083 nm and Determination of the
Nuclear Charge Radius

P. Cancio Pastor,1,2,* L. Consolino,1,2 G. Giusfredi,1,2 P. De Natale,1,2 M. Inguscio,2 V. A. Yerokhin,3 and K. Pachucki4

1Istituto Nazionale di Ottica-CNR (INO-CNR), Via Nello Carrara 1, I-50019 Sesto Fiorentino, Italy
2European Laboratory for Non-Linear Spectroscopy (LENS) and Dipartimento di Fisica, Universitá di Firenze,

Via Nello Carrara 1, I-50019 Sesto Fiorentino, Italy
3St. Petersburg State Polytechnical University, Polytekhnicheskaya 29, St. Petersburg 195251, Russia

4Faculty of Physics, University of Warsaw, Hoza 69, 00-681 Warsaw, Poland
(Received 17 December 2011; revised manuscript received 29 February 2012; published 2 April 2012)

We measure the absolute frequency of seven out of the nine allowed transitions between the 2 3S and

2 3P hyperfine manifolds in a metastable 3He beam by using an optical frequency comb synthesizer-

assisted spectrometer. The relative uncertainty of our measurements ranges from 1� 10�11 to 5� 10�12,

which is, to our knowledge, the most precise result for any optical 3He transition to date. The resulting

2 3P–2 3S centroid frequency is 276 702 827 204.8(2.4) kHz. Comparing this value with the known result

for the 4He centroid and performing ab initio QED calculations of the 4He-3He isotope shift, we extract

the difference of the squared nuclear charge radii �r2 of 3He and 4He. Our result for �r2 ¼ 1:074ð3Þ fm2

disagrees by about 4� with the recent determination [R. van Rooij et al., Science 333, 196 (2011)].

DOI: 10.1103/PhysRevLett.108.143001 PACS numbers: 31.30.Gs, 21.10.Ft, 31.30.J�, 42.62.Eh

Spectacular progress of experimental techniques,
achieved in the last decades, has made precision spectros-
copy of light atoms a unique tool for the determination of
fundamental constants and properties of atomic nuclei. The
underlying theory, quantum electrodynamics (QED), al-
lows one to calculate atomic properties ab initio and
keep control of the magnitude of uncalculated effects.
Possible discrepancies between theory and experiment
may signal a lack of our knowledge of details of the
interactions between electrons, nuclei, and other particles.
An important recent example is the discrepancy of the
proton charge radius derived from the spectroscopy of
the electronic and muonic hydrogen [1]. This discrepancy
is still unresolved and might lead to important consequen-
ces, such as a change of the accepted value for the Rydberg
constant (which was, up to now, considered to be one of the
best known fundamental constants) or discovery of un-
known effects in the electromagnetic lepton-nucleus
interaction.

Another important disagreement reported recently con-
cerns the charge radii of helium isotopes. Specifically, the
difference of the squares of the charge radii of the 3He and
4He nuclei determined from the 2 1S–2 3S transition [2]
was reported to differ by about 4 standard deviations (�)
from that derived using the 2 3P0–2

3S transition [3]. In this

Letter, we aim to resolve this discrepancy by performing an
independent, high-precision measurement of the 4He-3He
isotope shift, on the one hand, and by advancing the theory
of the helium isotope shift, on the other hand.

In the experimental part, we measure the absolute fre-
quency of seven out of the nine allowed transitions be-
tween the 2 3S and 2 3P hyperfine manifolds of 3He with a
precision ranging from 1� 10�11 to 5� 10�12. To the best

of our knowledge, these are currently the most accurate
measurements for any optical 3He transition. In the theo-
retical part, we perform a rigorous QED calculation of the
isotope shift of the centroid of the 2 3P–2 3S transition,
identifying several corrections omitted in the previous
studies and carefully examining the uncertainty due to
uncalculated effects. Combining the experimental and
theoretical results, we obtain the difference of the squares
of the charge radii of the 3He and 4He nuclei. The im-
proved theory is also applied for reexamination of the
previous experimental result [2].
The structure of the 2 3S and 2 3P levels in 3He and 4He

is shown in Fig. 1. In the following, we will use the short-

hand notation PFS

JP;FP
to denote the 2 3S1;FS

! 2 3PJP;FP

hyperfine transition in 3He and PJP to denote the 2 3S1 !
2 3PJP

transition in 4He. We now address the measurement

procedure applied to the seven transitions between the 2 3S
and 2 3P hyperfine manifolds of 3He. The remaining two

allowed transitions, P1=2
1;3=2 and P3=2

2;3=2, have a very weak

intensity due to the hyperfine suppression [4,5], which
prohibits their measurement with our spectroscopic setup.
Multiresonant precision spectroscopy was performed by

using the optical frequency comb synthesizer (OFCS)-
assisted laser system at 1083 nm described in Ref. [6]. In
each run, quasisimultaneous saturation spectra of two out
of these seven hyperfine transitions were recorded in an
absolute frequency scale, and the frequency center was
measured by a fitting procedure [6]. In this way, absolute
frequencies of each transition and their differences are
measured, minimizing possible time-dependent systematic
errors. This procedure is repeated for about 200 runs for
each transition. During these runs, different transitions

PRL 108, 143001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
6 APRIL 2012

0031-9007=12=108(14)=143001(5) 143001-1 � 2012 American Physical Society

http://dx.doi.org/10.1126/science.1205163
http://dx.doi.org/10.1103/PhysRevLett.108.143001


were coupled to each other, and for each couple the multi-
resonant probe laser system was interchanged, in order to
randomize, as much as possible, the measurement proce-
dure. The final results, together with the error budget, are
summarized in Table I.

Particular attention was paid to single out and quantify
possible systematic errors. As in our previous 4He mea-
surements [7,8], the main systematic correction was due to
recoil-induced mechanical shift (RS) [9]. As in that case,
we calculate its contribution for each transition by solving
the atomic Bloch equations, including ac Stark shift [light
shift (LS)], and taking into account the atom dynamics
during interaction with the laser, in the present experimen-
tal conditions. Second-order Doppler shift (2DS) correc-
tion due to the longitudinal velocity distribution of the

atoms in the 3He metastable beam was also included in
this calculation. Since RS is like an accumulated recoil
during laser-atom interaction time, it is strongly dependent
on the metastable atomic flux in our experimental setup,
and hence on the dc discharge conditions used to metasta-
bilize the 3He atomic beam. We have noticed that such
conditions changed during a day of measurements, due to
progressive saturation of the filtering system for contami-
nant gases used in the 3He gas recycling line inserted in the
atomic beam. In fact, we monitored this change by mea-
suring the atomic longitudinal velocity distribution behav-
ior during a day. From this data, an averaged longitudinal
velocity distribution for each day is determined, which
enters as a parameter in the RSþ LSþ 2DS calculation.
All measurements for each transition are corrected by the
corresponding day shift. The final frequency is calculated
as a statistical average of all corrected measurements per-
formed for each transition. Such a procedure is shown in

Fig. 2 for the P1=2
2;3=2 transition, where about 180 measure-

ments without (black squares) and with (red circles)
RSþ LSþ 2DS day-shift corrections are reported. As a
result, a Gaussian distribution of the corrected measure-
ments is shown in the fill-bar graph of Fig. 2, witnessing
that our data have ‘‘white’’ statistical fluctuations.
Systematics uncertainties due to first-order Doppler shift

(1DS), OFCS accuracy, and Zeeman shift have been added
in quadrature to the statistical one, as shown in Table I.
1DS was avoided due to the saturation spectroscopy con-
figuration [7], but with an error of 0.8 kHz, due to the
achievable angular accuracy between the forward and the
backward interacting laser beams. The Rb global position-
ing system disciplined quartz oscillator, used in our OFCS,
guarantees a relative accuracy of 10�12, considered in the
error budget. Finally, a residual magnetic field in the atom-
laser interaction region lower than 0:03 �T gives a
Zeeman shift uncertainty for each transition (Table I, third

FIG. 1 (color online). Level scheme of the 2 3S and 2 3P
manifolds of 3He and 4He isotopes. 3He HFS, 4He fine structure
(FS), and 4He-3He IS splittings are shown.

TABLE I. Absolute frequency measurements of P
FS
JP;FP

3He hyperfine transitions: statistical
results and systematic error budget, in kHz. Uncertainties are given in parentheses.

Transition Statistical valuea Zeeman shiftb Final resultc

P1=2
1;1=2 276 698 164 610.4(1.8) (0.233) 276 698 164 610.4(2.0)

P3=2
2;5=2 276 698 611 209.1(3.1) (0.148) 276 698 611 209.1(3.2)

P1=2
2;3=2 276 698 832 617.9(2.3) (0.303) 276 698 832 617.9(2.5)

P3=2
1;3=2 276 700 392 099.8(0.9) (0.369) 276 700 392 099.8(1.3)

P3=2
1;1=2 276 704 904 311.7(2.3) (0.233) 276 704 904 311.7(2.4)

P1=2
0;1=2 276 726 257 468.9(1.1) (0.932) 276 726 257 468.9(1.7)

P3=2
0;1=2 276 732 997 170.4(2.3) (0.466) 276 732 997 170.4(2.5)

aEach measurement was corrected by the day-by-day RSþ LSþ 2DS shifts (see text for
details).
bBecause of residual magnetic fields (< 0:03 �T).
cThe OFCS error of 10�12 � statistical value (kHz) and the 1DS error of 0.8 kHz were added in
quadrature in the final uncertainty.
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column), without shifting the transition barycenter. The
total accuracy of our measurements, summarized in
Table I, ranges from 1� 10�11 to 5� 10�12, which is
currently the best reported result for any optical transition
in 3He.

An independent check for the accuracy of our measure-
ments is made by extracting the known value of the
hyperfine splitting (HFS) of the metastable 2 3S state
from the transitions in Table I. The two differences

P1=2
0;1=2–P

3=2
0;1=2 and P1=2

1;1=2–P
3=2
1;1=2 yield the values of

6 739 701.5(3.0) and 6 739 701.3(3.1) kHz, respectively,
which are consistent with each other and in perfect agree-
ment with the more accurate result of 6 739 701.177
(16) kHz [10].

Comparison of our measurements with the previous
experimental results is given in Table II. The centroid
values of the 2 3P and 2 3S energies are defined as an
average over all fine and hyperfine sublevels,

Eð2 3LÞ ¼
P

J;Fð2Fþ 1ÞEð2 3LJ;FÞ
ð2I þ 1Þð2Sþ 1Þð2Lþ 1Þ ; (1)

where 2 3L ¼ 2 3S and 2 3P for L ¼ 0 and 1, respectively.
To the best of our knowledge, there are no published
measurements of 2 3P–2 3S HFS frequencies. Therefore,
we obtain the ‘‘previous experimental value’’ of the 3He
2 3P–2 3S centroid frequency as a combination of several
experiments and the calculated HFS intervals (see the first
footnote in Table II). The previous result is in agreement
with our measurement but 33 times less accurate. The 4He
2 3P–2 3S centroid was measured by us previously [7], in
agreement with the independent determination by Shiner
et al. [11]. In order to check the consistency of our present
measurements on 3He with our previous measurements for
4He [7], in Table II, a comparison of the frequency differ-

ences of the 3He P3=2
0;1=2 and the 4He P1 and P2 intervals

with independent measurements [3,12] is reported.
The difference of our results for the 2 3P–2 3S centroid

energy in 3He and 4He yields the experimental value of the
isotope shift (IS). Combined with theoretical calculations,
the experimental IS can be used [15] to determine the
difference of the squared nuclear charge radii, �r2 �
r2ð3HeÞ � r2ð4HeÞ.
Numerical results of our calculation of the ISs of the

2 3P–2 3S and 2 1S–2 3S transitions for the point nucleus
are presented in Table III. As compared to the previous
evaluations [13,16], the higher-order recoil [mr�

2ðmr=MÞ3
and mr�

4ðmr=MÞ2] and the nuclear polarizability correc-
tions were accounted for and the higher-order QED effects

FIG. 2 (color online). Day-by-day correction of the RSþ
LSþ 2DS shift for the measurements of the P1=2

2;3=2 hyperfine

transition. Left: the black squares are the measured data, and the
red circles are the corrected data. A different mean frequency
was subtracted to bring data in the same frequency vertical scale
for a clear comparison. Right: bar graph distribution of the
measured (dashed black bars) and corrected (filled red bars)
frequencies.

TABLE II. Comparison with prior measurements, in kHz.

3He 2 3P–2 3S centroid 276 702 827 204.8(2.4)

276 702 827 145(77)a

4He 2 3P–2 3S centroid 276 736 495 649.5(2.1) [7]

276 736 495 580(70) [11]
4He P2-

3He P3=2
0;1=2 810 594.3(3.3)b

810 599(3) [3]

810 608(30) [12]
3He P3=2

0;1=2-
4He P1 1 480 582.1(3.2)

1 480 573(30) [12]

aEvaluated by combining the 4He P2 frequency [11], the
4He-3He P2–P

3=2
0;1=2 interval [3], the 3He 2 3S HFS [10], and the

2 3P HFS [13].
bEvaluated by combining the P3=2

0;1=2 interval from Table I, the

P0 frequency [7], and the 2 3P0–2
3P2 interval [14].

TABLE III. 4He-3He isotope shift of the centroid energies, for
the pointlike nucleus, in kHz. mr is the reduced mass, and M is
the nuclear mass.

Contribution 2 3P–2 3S 2 1S–2 3S

mr�
2 12 412 458.1 8 632 567.86

mr�
2ðmr=MÞ 21 243 041.3 �608 175:58

mr�
2ðmr=MÞ2 13 874.6 7319.80

mr�
2ðmr=MÞ3 4.6 �0:30

mr�
4 17 872.8 8954.22

mr�
4ðmr=MÞ �20 082:4 �6458:23

mr�
4ðmr=MÞ2 �3:0 �1:84

m�5ðm=MÞ �60:7 �56:61
m�6ðm=MÞ �15:5ð3:9Þ �2:75ð69Þ
Nuclear polarizability �1:1ð1Þ �0:20ð2Þ
HFS mixing 54.6 �80:69

Total 33 667 143.2(3.9) 8 034 065.69(69)

Other theory [13,16]a 33 667 146.2(7) 8 034 067.8(1.1)

aCorrected by adding the triplet-singlet HFS mixing.
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Determinations of ∆r2c = r2c(
3He)− r2c(

4He). Units are fm2.

∆r2c Method Authors Ref.

1.059(3) 2 3P0 − 2 3S1 Shiner et al. (1995) [1]

1.019(11) 2 1S0 − 2 3S1 van Rooij et al. (2011) [2]

1.028(11) 2 1S0 − 2 3S1 Pachucki & Yerokhin revision (2012) [3]

1.074(3) 2 3Pcg − 2 3S1 Cancio Pastor et al. (2012) [3]

1.16(12) Nuclear few-body theory Kievsky et al. (2008) [4]

1.01(13) Electron-nuclear scattering Sick (2008) [5]

1. D. Shiner, R. Dixson, V. Vedantham, Phys. Rev. Lett. 74, 3553 (1995).

2. R. van Rooij, J.S. Borbely, J. Simonet, M.D. Hoogerland, K.S.E. Eikema, R.A.
Rozendaal and W. Vassen, Science 333, 196 (2011).

3. P. Cancio Pastor, L. Consolino, G. Giusfredi, P. De Natale, M. Inguscio, V. A.
Yerokhin, and K. Pachucki, Phys. Rev. Lett. 108, 143001 (2012).

4. A. Kievsky, S. Rosati, M. Viviani, L. E. Marcucc, L. Girlanda, J. Phys. G 35,
063101 (2008).

5. I. Sick, Phys. Rev. C 77, 041302 (2008) (rc(
4He) = 1.681 ± 0.004 fm.); Lect.

Notes Phys. 745, 57 (2008).
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[m�6 m=Mð Þ] were estimated more carefully. The
calculation extends our previous works [17,18]; its details
will be reported elsewhere. The total uncertainty comes
from the uncalculated higher-order QED effects. Note that
it is much larger than the one reported previously in
Ref. [13].

Our definition of the IS differs from that used previously
[2,3] by the fact that we average out not only the hyperfine
but also the fine-structure splitting. The advantage of
using the centroid energy is that theory becomes much
more transparent and can be directly compared to the
experiment.

The difference of the theoretical point-nucleus results in
Table III and the experimental IS comes from the finite
nuclear size (FNS) effect, which can be parametrized as

�EFNS ¼ 2�

3
Z�m3

rr
2h�ð3Þðr1Þ þ � 3ð Þðr2Þi

� ½1� ðZ�Þ2 lnðZ�rÞ þ ðZ�Þ2frel�; (2)

where frel is the relativistic correction beyond the leading
logarithm. The FNS contribution can be represented as
�EFNS ¼ Cr2, where the coefficient C, according to the
above equation, depends very weakly on r. Our calculated
values for the coefficient C are

Cð2 3P� 2 3SÞ ¼ �1212:2ð1Þ kHz=fm2; (3)

Cð2 1S� 2 3SÞ ¼ �214:69ð1Þ kHz=fm2; (4)

which can be compared with the previous results
Cð2 3P� 2 3SÞ ¼ �1209:8 [19] and Cð2 1S� 2 3SÞ ¼
�214:40 [20].

At present, there are three independent measurements of
the 4He-3He IS that can be used to infer �r2 with a
comparable accuracy, our experiment and those of
Refs. [2,3]. Our theory, summarized in Table III, allows
us to extract the charge radius difference �r2 consistently
from the present experiment and that of Ref. [2]. The
results are

�r2ðthis workÞ ¼ 1:074ð3Þ fm2; (5)

�r2ð½2�; reevaluatedÞ ¼ 1:028ð11Þ fm2: (6)

The �r2 value of Eq. (6) is by about 1� larger than that
given in Ref. [2], 1:019ð11Þ fm2, because of the change in
the theoretical IS value. Using Eq. (5) and the nuclear
charge radius of 4He [21], we obtain the root-mean-square
radius of the 3He isotope to be 1.975(4) fm.
The results of Eqs. (5) and (6) can be also compared with

the determination by Shiner et al.,

�r2ð½3�Þ ¼ 1:059ð3Þ fm2; (7)

which used the older isotope shift theory. We do not
reevaluate this result here, since it would require improve-
ment in theoretical predictions for HFS intervals.
We observe, as shown in Fig 3, that the above results for

the radius difference �r2 are inconsistent with each other.
In particular, a 4� discrepancy is present between our
value and that of Ref. [2], for which we do not have a
satisfactory explanation at present. Note that both experi-
ments use the same OFCS-assisted laser technology, that
most of the theoretical contributions are checked by inde-
pendent calculations, and that the determination of the
charge radius difference is now performed consistently
within the same theory. The observed discrepancy may
be in principle explained by some hidden systematics in
experiments or by yet unknown effects in the electron-
nucleus interaction.
The possibility that some additional effects beyond the

standard QED exist has been discussed in the literature
ever since the muonic hydrogen experiment [1] raised what
is now known as the proton charge radius puzzle. One of
the ways for solving this puzzle is to investigate similar
systems, aiming to confirm or to disprove the disagreement
observed for hydrogen. In the present Letter, we report a
4� discrepancy for the nuclear charge radius difference of
3He and 4He.
Precision spectroscopic determination of the nuclear

charge radii of the helium isotopes becomes today of
particular importance, as the next goal of the muonic
hydrogen group from the Paul Scherrer Institute is the
measurement of the Lamb shift in muonic helium [24].
This experiment will provide an independent determina-
tion of the charge radii of helium isotopes and will allow
one to compare the results obtained by the spectroscopy of
the electronic and muonic atoms, thus hopefully shedding
light on the proton charge radius problem and on the
discrepancy for the helium charge radius difference.

*pablo.canciopastor@ino.it
[1] R. Pohl et al., Nature (London) 466, 213 (2010).
[2] R. van Rooij et al., Science 333, 196 (2011).
[3] D. Shiner, R. Dixson, and V. Vedantham, Phys. Rev. Lett.

74, 3553 (1995).
[4] I. A. Sulai et al., Phys. Rev. Lett. 101, 173001 (2008).
[5] L. Consolino et al. (to be published).
[6] L. Consolino et al., Opt. Express 19, 3155 (2011).

FIG. 3 (color online). Different determinations of the differ-
ence of the squared nuclear charge radii for 3He and 4He.
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Contributions to the energy and their orders of magnitude in terms of

Z, µ/M = 1.370 745 624× 10−4, and α2 = 0.532 513 6197× 10−4.

Contribution Magnitude

Nonrelativistic energy Z2

Mass polarization Z2µ/M

Second-order mass polarization Z2(µ/M)2[1 +O(µ/M) + · · ·]
Relativistic corrections Z4α2

Relativistic recoil Z4α2µ/M [1 +O(µ/M) + · · ·]
Anomalous magnetic moment Z4α3

Hyperfine structure Z3gIµ
2
0

Lamb shift Z4α3 lnα + · · ·
Radiative recoil Z4α3(lnα)µ/M

Finite nuclear size Z4⟨r̄c/a0⟩2

Nuclear polarization Z3e2αd,nuc/(αa0)

Isotope shift: ∆ν = ∆ν(0) + C⟨r̄c⟩2
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Nonrelativistic Eigenvalues
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θ
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r1

r12 = |r1 − r2|

The Hamiltonian in atomic units is

H = −1

2
∇2

1 −
1

2
∇2

2 −
Z

r1
− Z

r2
+

1

r12

Expand

Ψ(r1, r2) =
∑

i,j,k
aijk ri

1r
j
2r

k
12 e−αr1−βr2 YM

l1l2L
(r̂1, r̂2)

(Hylleraas, 1929). Pekeris shell: i + j + k ≤ Ω, Ω = 1, 2, . . ..
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Methods of Theoretical Atomic Physics.

Method Typical Accuracy for the Energy

Many Body Perturbation Theory ≥ 10−6 a.u.

Configuration Interaction 10−6 – 10−8 a.u.

Explicitly Correlated Gaussiansa ∼ 10−10 a.u.

Hylleraas Coordinates (He)b,c ≤ 10−35 – 10−40 a.u.

Hylleraas Coordinates (Li)d ∼ 10−15 a.u.

aS. Bubin and Adamowicz J. Chem. Phys. 136, 134305 (2012).
bC. Schwartz, Int. J. Mod. Phys. E–Nucl. Phys. 15, 877 (2006).
cH. Nakashima, H. Nakatsuji, J. Chem. Phys. 127, 224104 (2007).
dPresent work: L.M. Wang et al., Phys. Rev. A 85, 052513 (2012) .

semin56.tex(0) June/12 2



Rayleigh-Schrödinger Variational Principle

Diagonalize H in the

χijk = ri
1r

j
2r

k
12 e−αr1−βr2 YM

l1l2L
(r̂1, r̂2)

basis set to satisfy the variational condition

δ
∫

Ψ (H − E) Ψ dτ = 0.

For finite nuclear mass M ,

H = −1

2
∇2

1 −
1

2
∇2

2 −
Z

r1
− Z

r2
+

1

r12
− µ

M
∇1 · ∇2

in reduced mass atomic units e2/aµ, where aµ = (m/µ)a0 is the reduced

mass Bohr radius, and µ = mM/(m + M) is the electron reduced mass.
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Mass Scaling
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X

x1

x2

H = − h̄2

2M
∇2

X −
h̄2

2m
∇2

x1
− h̄2

2m
∇2

x2
− Ze2

|X− x1| −
Ze2

|X− x2| +
e2

|x1 − x2|
Transform to centre-of-mass plus relative coordinates R, r1, r2

R =
MX + mx1 + mx2

M + 2m
r1 = X− x1

r2 = X− x2

and ignore centre-of-mass motion. Then

H = − h̄2

2µ
∇2

r1
− h̄2

2µ
∇2

r2
− h̄2

M
∇r1 · ∇r2 −

Ze2

r1
− Ze2

r2
+

e2

|r1 − r2|

where µ =
mM

m + M
is the electron reduced mass.

semin03.tex, January/05



Expand

Ψ = Ψ0 +
µ

M
Ψ1 +

( µ

M

)2
Ψ2 + · · ·

E = E0 +
µ

M
E1 +

( µ

M

)2
E2 + · · ·

The zero-order problem is the Schrödinger equation for infinite nuclear mass


−

1

2
∇2

ρ1
− 1

2
∇2

ρ2
− Z

ρ1
− Z

ρ2
+

1

|ρ1 − ρ2|



 Ψ0 = E0Ψ0

The “normal” isotope shift is

∆Enormal = − µ

M

( µ

m

)
E0 2R∞

The first-order “specific” isotope shift is

∆E
(1)
specific = − µ

M

( µ

m

)
〈Ψ0|∇ρ1 · ∇ρ2|Ψ0〉 2R∞

The second-order “specific” isotope shift is

∆E
(2)
specific =

(
− µ

M

)2 ( µ

m

)
〈Ψ0|∇ρ1 · ∇ρ2|Ψ1〉 2R∞
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Convergence study for the ground state of helium [1].

Ω N E(Ω) R(Ω)

8 269 –2.903 724 377 029 560 058 400
9 347 –2.903 724 377 033 543 320 480

10 443 –2.903 724 377 034 047 783 838 7.90
11 549 –2.903 724 377 034 104 634 696 8.87
12 676 –2.903 724 377 034 116 928 328 4.62
13 814 –2.903 724 377 034 119 224 401 5.35
14 976 –2.903 724 377 034 119 539 797 7.28
15 1150 –2.903 724 377 034 119 585 888 6.84
16 1351 –2.903 724 377 034 119 596 137 4.50
17 1565 –2.903 724 377 034 119 597 856 5.96
18 1809 –2.903 724 377 034 119 598 206 4.90
19 2067 –2.903 724 377 034 119 598 286 4.44
20 2358 –2.903 724 377 034 119 598 305 4.02

Extrapolation ∞ –2.903 724 377 034 119 598 311(1)

Korobov [2] 5200 –2.903 724 377 034 119 598 311 158 7
Korobov extrap. ∞ –2.903 724 377 034 119 598 311 159 4(4)

Schwartz [3] 10259 –2.903 724 377 034 119 598 311 159 245 194 404 4400
Schwartz extrap. ∞ –2.903 724 377 034 119 598 311 159 245 194 404 446

Goldman [4] 8066 –2.903 724 377 034 119 593 82
Bürgers et al. [5] 24 497 –2.903 724 377 034 119 589(5)

Baker et al. [6] 476 –2.903 724 377 034 118 4

[1] G.W.F. Drake, M.M. Cassar, and R.A. Nistor, Phys. Rev. A 65, 054501 (2002).
[2] V.I. Korobov, Phys. Rev. A 66, 024501 (2002).
[3] C. Schwartz, http://xxx.aps.org/abs/physics/0208004
[4] S.P. Goldman, Phys. Rev. A 57, R677 (1998).
[5] A. Bürgers, D. Wintgen, J.-M. Rost, J. Phys. B: At. Mol. Opt. Phys. 28, 3163
(1995).
[6] J.D. Baker, D.E. Freund, R.N. Hill, J.D. Morgan III, Phys. Rev. A 41, 1247 (1990).
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Variational Basis Set for Lithium

Solve for Ψ0 and Ψ1 by expanding in Hylleraas coordinates

rj1
1 rj2

2 rj3
3 rj12

12 rj23
23 rj31

31 e−αr1−βr2−γr3 YLM
(`1`2)`12,`3

(r1, r2, r3) χ1 , (1)

where YLM
(`1`2)`12,`3

is a vector-coupled product of spherical harmonics, and

χ1 is a spin function with spin angular momentum 1/2.

Include all terms from (1) such that

j1 + j2 + j3 + j12 + j23 + j31 ≤ Ω , (2)

and study the eigenvalues as Ω is progressively increased.

The explicit mass-dependence of E is

E = ε0 + λε1 + λ2ε2 + O(λ3) , in units of 2RM = 2(1 + λ)R∞ .
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Alternative Spin Coupling Chains.

1
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1
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0+
1

2

����*
3

2

HHHHj 1

2

- 1

2

1 2 3

1 2 = χ23

1 3 = χ12

Young
Tableaux

χ1 = [α(1)β(2)− β(1)α(2)]α(3)

χ2 = 2α(1)α(2)β(3)− [α(1)β(2) + β(1)α(2)]α(3)

The complete wave function is

ψ = A(ϕ1χ1 + ϕ2χ2)

where A is the total antisymmetrizer

A = e− (12)− (13)− (23) + (123) + (132)

Question: Do we need both χ1 and χ2?
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Larsson’s Argument

Sven Larsson, Phys. Rev 169, 59 (1968).

Suppose that a function ψ1 = A{ϕ · (αβ − βα)α} is contained in the basis set. Now
we can generate new functions by permuting the labels in ϕ. The key point is that this
is equivalent to permuting the spin labels after antisymmetrization, multiplied by the
original ϕ. For example

ψ′ = A{(13)ϕ · (αβ − βα)α} = −A{ϕ · (αβα− ααβ)}

and
ψ′′ = A{(23)ϕ · (αβ − βα)α} = −A{ϕ · (ααβ − βαα)}

Since there are only two doublet spin functions, ψ1, ψ
′, and ψ′′ are not all linearly

independent. Choose ψ1 and ψ12, where

ψ12 = ψ′ − ψ′′ = A{[(13)− (23)]ϕ · (αβα− βαα)}
= A{ϕ · (2ααβ − βαα− αβα)}

Note that if ϕ has exact (12) symmetry, then

[(13)− (23)]ϕ ≡ 0

For example, if
ϕ(r1, r2, r3) = ϕ1s(r1)ϕ1s(r2)ϕ2s(r3)

then [(13)− (23)]ϕ ≡ 0.
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Convergence study for the nonrelativistic energy of Li in the ground state.

Ω N E(Ω) R(Ω)

with only χ1

12 9056 –7.478 060 323 909 450 5.986
13 13248 –7.478 060 323 909 950 8.174
14 18935 –7.478 060 323 910 102 3.290
15 26520 –7.478 060 323 910 134 4.679
∞ –7.478 060 323 910 143(9)

with only χ2

12 9056 –7.478 060 323 891 747 4.994
13 13248 –7.478 060 323 902 848 6.009
14 18935 –7.478 060 323 908 907 1.832
15 26520 –7.478 060 323 909 791 6.851
∞ –7.478 060 323 909 94(15)

with both χ1 and χ2

12 12168 –7.478 060 323 910 044 7.582
13 18108 –7.478 060 323 910 128 6.213
14 24552 –7.478 060 323 910 145 4.956
15 34020 –7.478 060 323 910 147 8.327
∞ –7.478 060 323 910 147(1)

Sims et al. 16764 –7.478 060 323 452
Stanke et al. 10000 –7.478 060 323 81
Yan et al. 9577 –7.478 060 323 892 4
Puchalski et al. 30632 –7.478 060 323 910 097
Puchalski et al. ∞ –7.478 060 323 910 2(2)
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Relativistic Corrections

Relativistic corrections of O(α2) and anomalous magnetic moment corrections of O(α3)
are (in atomic units)

∆Erel = 〈Ψ|Hrel|Ψ〉J , (3)

where Ψ is a nonrelativistic wave function and Hrel is the Breit interaction defined by

Hrel = B1 + B2 + B4 + Bso + Bsoo + Bss +
m

M
(∆̃2 + ∆̃so)

+ γ
(
2Bso +

4

3
Bsoo +

2

3
B

(1)
3e + 2B5

)
+ γ

m

M
∆̃so .

where γ = α/(2π) and

B1 =
α2

8
(p4

1 + p4
2)

B2 = −α2

2

(
1

r12
p1 · p2 +

1

r3
12

r12 · (r12 · p1)p2

)

B4 = α2π

(
Z

2
δ(r1) +

Z

2
δ(r2)− δ(r12)

)
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Hrel = B1 + B2 + B4 + Bso + Bsoo + Bss +
m

M
(∆̃2 + ∆̃so)

+ γ
(
2Bso +

4

3
Bsoo +

2

3
B

(1)
3e + 2B5

)
+ γ

m

M
∆̃so .

Spin-dependent terms

Bso =
Zα2

4

[
1

r3
1
(r1 × p1) · σ1 +

1

r3
2
(r2 × p2) · σ2

]

Bsoo =
α2

4

[
1

r3
12

r12 × p2 · (2σ1 + σ2)− 1

r3
12

r12 × p1 · (2σ2 + σ1)

]

Bss =
α2

4

[
−8

3
πδ(r12) +

1

r3
12

σ1 · σ2 − 3

r3
12

(σ1 · r12)(σ2 · r12)

]

Relativistic recoil terms (A.P. Stone, 1961)

∆̃2 = −Zα2

2

{
1

r1
(p1 + p2) · p1 +

1

r3
1
br1 · [r1 · (p1 + p2)]p1

+
1

r2
(p1 + p2) · p2 +

1

r3
2
br2 · [r2 · (p1 + p2)]p2

}

∆̃so =
Zα2

2

(
1

r3
1
r1 × p2 · σ1 +

1

r3
2
r2 × p1 · σ2

)
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QED Corrections

the QED shift for a 1s2nL n 2L state of lithium then has the form

EQED = EL,1 + EM,1 + ER,1 + EL,2

where the main one-electron part is (in atomic units)

EL,1 =
4Zα3〈δ(ri)〉(0)

3

{
ln(Zα)−2 − β(n 2L) +

19

30
+ · · ·

}

the mass scaling and mass polarization corrections are

EM,1 =
µ〈δ(ri)〉(1)

M〈δ(ri)〉(0)EL,1 +
4Zα3µ〈δ(ri)〉(0)

3M

[
1−∆βMP(n 2L)

]

and the recoil corrections (including radiative recoil) are given by

ER,1 =
4Z2µα3〈δ(ri)〉(0)

3M

[
1

4
ln(Zα)−2 − 2β(n 2L)− 1

12
− 7

4
a(n 2L)

]

where β(n 2L) = ln(k0/Z
2R∞) is the two-electron Bethe logarithm.
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Two-Electron QED Shift

The lowest order helium Lamb shift is given exactly by the Kabir-Salpeter formula (in
atomic units)

EL,1 =
4

3
Zα3|Ψ0(0)|2

[
lnα−2 − β(1snℓ) +

19

30

]

where β(1snℓ) is the two-electron Bethe logarithm defined by

β(1snℓ) =
N
D

=

∑
i

|⟨Ψ0|p1 + p2|i⟩|2(Ei − E0) ln |Ei − E0|∑
i

|⟨Ψ0|p1 + p2|i⟩|2(Ei − E0)

and for hydrogenic ions, |Ψ0(0)|2 −→
Z3

πn3
.

Ψ0

hν

Ψi

Ψ0qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
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Bethe logarithms for He-like atoms.

State Z = 2 Z = 3 Z = 4 Z = 5 Z = 6

1 1S 2.983 865 9(1) 2.982 624 558(1) 2.982 503 05(4) 2.982 591 383(7) 2.982 716 949(1)

2 1S 2.980 118 275(4) 2.976 363 09(2) 2.973 976 98(4) 2.972 388 16(3) 2.971 266 29(2)

2 3S 2.977 742 36(1) 2.973 851 679(2) 2.971 735 560(4) 2.970 424 952(5) 2.969 537 065(5)

2 1P 2.983 803 49(3) 2.983 186 10(2) 2.982 698 29(1) 2.982 340 18(7) 2.982 072 79(6)

2 3P 2.983 690 84(2) 2.982 958 68(7) 2.982 443 5(1) 2.982 089 5(1) 2.981 835 91(5)

3 1S 2.982 870 512(3) 2.981 436 5(3) 2.980 455 81(7) 2.979 778 086(4) 2.979 289 8(9)

3 3S 2.982 372 554(8) 2.980 849 595(7) 2.979 904 876(3) 2.979 282 037 2.978 844 34(6)

3 1P 2.984 001 37(2) 2.983 768 943(8) 2.983 584 906(6) 2.983 449 763(6) 2.983 348 89(1)

3 3P 2.983 939 8(3) 2.983 666 36(4) 2.983 479 30(2) 2.983 350 844(8) 2.983 258 40(4)

4 1S 2.983 596 31(1) 2.982 944 6(3) 2.982 486 3(1) 2.982 166 154(3) 2.981 932 94(5)

4 3S 2.983 429 12(5) 2.982 740 35(4) 2.982 291 37(7) 2.981 988 21(2) 2.981 772 015(7)

4 1P 2.984 068 766(9) 2.983 961 0(2) 2.983 875 8(1) 2.983 813 2(1) 2.983 766 6(2)

4 3P 2.984 039 84(5) 2.983 913 45(9) 2.983 828 9(1) 2.983 770 1(2) 2.983 727 5(2)

5 1S 2.983 857 4(1) 2.983 513 01(2) 2.983 267 901(6) 2.983 094 85(5) 2.982 968 66(2)

5 3S 2.983 784 02(8) 2.983 422 50(2) 2.983 180 677(6) 2.983 015 17(3) 2.982 896 13(2)

5 1P 2.984 096 174(9) 2.984 038 03(5) 2.983 992 23(1) 2.983 958 67(5) 2.983 933 65(5)

5 3P 2.984 080 3(2) 2.984 014 4(4) 2.983 968 9(4) 2.983 937 2(4) 2.983 914 07(6)

For He+, β(1s) = 2.984 128 555 765

G.W.F. Drake and S.P. Goldman, Can. J. Phys. 77, 835 (1999).
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Comparison of Bethe Logarithms ln(k0) in units of ln(Z2R∞).

Atom 1s22s 1s23s 1s22p 1s2 1s

Li 2.981 06(1) 2.982 36(6) 2.982 57(6) 2.982 624 2.984 128

Be+ 2.979 26(2) 2.981 62(1) 2.982 27(6) 2.982 503 2.984 128

Comparison of Bethe Logarithm
finite mass coefficient ∆βMP.

Atom 1s22s 1s23s 1s22p 1s2 1s

Li 0.113 05(5) 0.110 5(3) 0.111 2(5) 0.1096 0.0

Be+ 0.125 58(4) 0.117 1(1) 0.121 7(6) 0.1169 0.0

ln(k0/Z
2RM) = β∞ + (µ/M)∆βMP

where β∞ is the Bethe logarithm for infinite nuclear mass.
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e The Electron-Electron Term

The electron-electron part is (Araki and Sucher)

∆EL,2 = α3
(14

3
ln α +

164

15

)
〈δ(rij)〉 − 14

3
α3Q , (6)

where the Q term is defined by

Q = (1/4π) lim
ε→0
〈r−3

ij (ε) + 4π(γ + ln ε)δ(rij)〉 . (7)

γ is Euler’s constant, ε is the radius of a sphere about rij = 0 excluded from the
integration.

Finite Nuclear Size Correction

In lowest order

∆Enuc =
2πZr2

rms

3
〈δ(ri)〉 , (8)

where rrms = Rrms/aBohr, Rrms is the root-mean-square radius of the nuclear charge
distribution, and aBohr is the Bohr radius.
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The dominating nuclear excitations are E1 transitions by
the electric dipole coupling � ~d � ~E [20]. The energy shift
due to the two-photon exchange in the temporal gauge is
 

Epol� ie2 2�0�
Z d!

2�

Z d3k

�2��3
!2
��ik� kikk

!2 �

!2�k2

��jl� kjkl

!2 �

!2�k2

	Tr
��
�j

1

p6 �k6 �m
�i��i

1

p6 �k6 �m
�j
�
��0�I�

4

�

	h�Njd
k 1

EN�HN�!
dlj�Ni; (14)

where  2�0� � �m��3h
P
a�

3�ra�i, p � �m; ~0�, and we used
plane wave approximation for the electrons, since the
characteristic photon momentum k is much larger than
the inverse Bohr radius. After performing k integration
and replacing ! � iw, one obtains

 Epol � �m�4

�X
a

�3�ra�
�
�m3 ~�pol�; (15)

where ~�pol is a kind of electric polarizability of the nu-
cleus, which is given by the following double integral:
 

~�pol�
16�

3

Z 1
ET
dE

1

e2 jh�Nj ~djEij
2

	
Z 1

0

dw
w

E

E2�w2

1

�	�	?�

�
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1
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�
1

	�1
�

1

	?�1

��
; (16)

where 	 �
������������������������
1� 2im=w

p
, and E is the excitation energy of

the nucleus with respect to the ground state with threshold
value ET . This general formula agrees in the limit E
 m
with that derived previously for the nuclear polarizability
effect in deuterium [21]. ~�pol involves a square of the
transition dipole moment. This can be related to the
B�E1� distribution which was recently accurately mea-
sured for 11Li in Ref. [20]

 jh�j ~djEij2 �
4�
3

dB�E1�

dE
(17)

in units e2 fm2 MeV, which explains the presence of e2 in
the denominator in Eq. (16). With the new data from
Ref. [20] (see Fig. 1) and the two-neutron separation
energy ET � 0:376�5� MeV [7], one obtains

 ~� pol � 60:9�6:1� fm3 � 1:06�0:11� 	 10�6m�3 (18)

and a polarizability correction to the 3 2S1=2-2 2S1=2 tran-
sition frequency of 
pol � 39�4� kHz. Polarizability cor-
rection for 9Li and lighter isotopes is expected to be at least
10 times smaller and is, thus, negligible.

The last significant contribution to the isotope shift is
due to the finite size of the nucleus

 Efs �
2�
3
Z�4m3hr2

chi

�X
a

�3�ra�
�
: (19)

This nuclear volume effect can now be extracted from the
isotope shift measurements, to obtain nuclear charge radii.
We additionally account for the leading relativistic correc-
tion �2�0��1� �Z��2 ln�mrchZ��� to the square of the
wave function at the origin. Results are summarized in
Table II.

All results for charge radii differences are signifi-
cantly improved compared to previous determinations;
for example, our result for the difference 11Li-7Li, �r2

ch �
0:157�81� fm2, can be compared to �r2

ch�0:374�112� fm2

which is obtained using results presented in Ref. [4]. The

0 1 2 3
E (MeV)

0

1

2

dB
/d

E
 (

e2  fm
2 /M

eV
)

Nakamura
fit

FIG. 1 (color online). Electric dipole line strength by
Nakamura et al. [20] adapted to the new value of ET from
Ref. [7].

TABLE II. Summary of isotope shift determination of Li charge radii, rch�
7Li� � 2:390�30� fm [22],m�7Li� � 7:016 003 425 6�45�u

[23]; the first uncertainty of 
the comes from unknown higher order terms, the second uncertainty is due to the atomic mass.

Mass (u) [7,24] 
exp (MHz) [3,4] 
the (MHz) �r2
ch (fm2) rch (fm)

6Li 6.015 122 794(16) �11 453:983�20� �11 452:822�2��0� 0.738(13) 2.540(30)
8Li 8.022 487 36(10) 8635.782(44) 8634.990(1)(1) �0:503�28� 2.282(32)
9Li 9.026 789 5(21) 15 333.272(39) 15 331.797(3)(13) �0:938�26� 2.185(33)
11Li 11.043 715 7(54) 25 101.226(125) 25 101.473(9)(21) 0.157(81) 2.423(34)

PRL 97, 133001 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
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Contributions to the 6He - 4He isotope shift (MHz ).

Contribution 2 3S1 3 3P2 2 3S1 − 3 3P2

Enr
a 52 947.286(1) 17 549.773(1) 35 397.539(16)

µ/M 2 248.200 –5 549.108 7 797.314(2)
(µ/M)2 –3.964 –4.847 0.883
α2µ/M 1.435 0.724 0.711
Enuc 0.000 0.000 0.000
α3µ/M , 1-e –0.285 –0.037 –0.248
α3µ/M , 2-e 0.005 0.001 0.004
Nuclear pol. 0.014(3)
Total 55 192.677(1) 11 996.506(1) 43 196.185(3)
Experimentb 43 194.751(10)
Difference 1.434(10)

aUsing m(6He) = 6.018 885 883(57) u from Brodeur et al. (2012).
Assumed nuclear radius for rnuc(

4He) = 1.681(4) fm.

In general, IS(2S − 3P ) = 43 196.185(3) + 1.008[r2nuc(
4He)− r2nuc(

6He)].

Adjusted nuclear radius is rnuc(
6He) = 2.061(8) fm.

bP. Mueller and Argonne collaboration.
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Nuclear Charge Radius of 8He

P. Mueller,1,* I. A. Sulai,1,2 A. C. C. Villari,3 J. A. Alcántara-Núñez,3 R. Alves-Condé,3 K. Bailey,1 G. W. F. Drake,4
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The root-mean-square (rms) nuclear charge radius of 8He, the most neutron-rich of all particle-stable
nuclei, has been determined for the first time to be 1.93(3) fm. In addition, the rms charge radius of 6He
was measured to be 2.068(11) fm, in excellent agreement with a previous result. The significant reduction
in charge radius from 6He to 8He is an indication of the change in the correlations of the excess neutrons
and is consistent with the 8He neutron halo structure. The experiment was based on laser spectroscopy of
individual helium atoms cooled and confined in a magneto-optical trap. Charge radii were extracted from
the measured isotope shifts with the help of precision atomic theory calculations.

DOI: 10.1103/PhysRevLett.99.252501 PACS numbers: 21.10.Ft, 21.60.�n, 27.20.+n, 31.30.Gs

Precision measurements of nuclear structure in light
isotopes are essential for a better understanding of nuclei
and of the underlying interactions between protons and
neutrons. Ab initio calculations of light nuclei provide
quantitative predictions of nuclear properties based on
empirical nucleon-nucleon and three-nucleon interactions
[1,2]. Investigations of very neutron-rich isotopes, among
which the lightest are 6He (t1=2 � 807 ms) and 8He (t1=2 �

119 ms), present especially stringent tests for these calcu-
lations as they probe aspects of the interactions that are less
prevalent in nuclei closer to stability.

The differences in charge radii in the helium isotopes,
where the two protons are predominantly in a relative s
state, reflect primarily the center-of-mass motion of the
protons with respect to the neutrons. Therefore, the charge
radius is especially sensitive to neutron correlations. The
two excess neutrons in 6He and the four in 8He form a halo
with respect to a 4He core (or � particle) [3]. The excess
neutron pair in 6He is correlated in such a way that the
recoil motion of the core results in an increased charge
radius [4]. In 8He, the four excess neutrons are expected to
be correlated in a more spherically symmetric way, and this
recoil effect is expected to be smaller.

Here, we report on the first measurements of the nuclear
charge radius of 8He. Neutral helium atoms were laser
cooled and confined in a magneto-optical trap, and the
isotope shift ��A;A0 of an atomic transition between iso-
topes A and A0 was determined by laser spectroscopy. This
isotope shift can be expressed as

 ��A;A0 � ��MS
A;A0 � KFS�hr

2iA;A0 : (1)

The mass shift ��MS
A;A0 and the field shift constantKFS of this

two-electron system have both been precisely calculated

[5], so that the change in mean-square nuclear charge radii
�hr2iA;A0 between the two isotopes can be extracted from
the measured isotope shift. Combined with a previous
measurement on 6He [4] and earlier studies of the two
stable isotopes, 3He [6] and 4He [7], there is now a com-
plete picture of the evolution of nuclear charge radii in the
helium isotopic chain.

The experiment was carried out at the GANIL facility
where 6He and 8He were simultaneously produced from
a primary beam of 75 MeV=u 13C impinging on a heated
(�2000 K) graphite target. Low-energy (20 keV) beams of
either 6He or 8He with yields of around 1� 108 and 5�
105 ions per second, respectively [8], were delivered to an
adjacent low-radiation area where the helium ion beam was
stopped in a hot, 1 cm2 sized graphite foil for neutraliza-
tion. The released neutral, thermal helium atoms were
pumped within 250 ms into the atomic beam apparatus
resulting in rates of approximately 5� 107 s�1 and 1�
105 s�1 for 6He and 8He, respectively.

The trapping and spectroscopy setup has been previ-
ously described in detail in connection with the nuclear
charge radius measurement of 6He at Argonne’s ATLAS
facility [4,9]. The selective cooling and trapping of he-
lium atoms in a magneto-optical trap (MOT) was pivotal
for this work, providing single-atom sensitivity, large
signal-to-noise ratios and high spectroscopic resolution.
A beam of metastable helium atoms was produced through
a LN2-cooled gas discharge. Transverse cooling and
Zeeman slowing were applied to load the metastable he-
lium atoms of a selected isotope into the MOT. Cooling and
trapping were based on the cycling 2 3S1 ! 2 3P2 transi-
tion at a wavelength of 1083 nm. The laser frequency for
this transition was controlled to an accuracy of 100 kHz to
allow reproducible switching between the respective iso-
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Fig. 3 are the values from ab initio calculations based on
the no-core shell model (NCSM) [17] and Green’s function
Monte Carlo (GFMC) techniques [18]. Apart from those,
there are a number of cluster model calculations providing
values for rms point-proton and matter radii of both iso-
topes [19].

Most strikingly, the rms charge radius decreases signifi-
cantly from 6He to 8He, while the matter radius seems to
increase. The larger matter radius of 8He is consistent with
there being more neutrons and more nucleons altogether.
On the other hand, the larger charge radius of 6He is
consistent with the interpretation that the two neutrons
are correlated so that on average they spend more time
together on one side of the core rather than on opposite
sides. As a result, the recoil motion of the �-like core
against the correlated pair of neutrons smears out the
charge distribution. In 8He, the four excess neutrons are
distributed in a more spherically symmetric fashion in the
halo and the smearing of the charge in the core is corre-
spondingly less, leading to a reduction in the charge radius.
These effects are reproduced rather well by ab initio cal-
culations, giving further confidence in our understanding
of nuclear forces and in the method of calculation.
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TABLE I:Comparison between theory and experiment for the total transition frequencies of 7Li. Units
are cm−1.

Atom 2 2P1/2 − 2 2S1/2 2 2P3/2 − 2 2S1/2 3 2S1/2 − 2 2S1/2

7Li (theory) 14 903.648 5(10)a 14 903.983 8(10)a 27 206.093 9(10)a
7Li (expt.) 14 903.648 130(14)b 14 903.983 648(14)b 27 206.094 20(10)c

Difference 0.000 4(10) 0.000 2(10) −0.000 3(10)

aYan, Nörtershäuser, and Drake [1]
bSansonetti et al. [2]
cBushaw et al. [3]
dBushaw et al. [4]

10−6 cm−1 = 4× 10−12 atomic units of energy.
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[3] B. A. Bushaw, W. Nörtershäuser, G. Ewald, A. Dax, and G.W.F. Drake, Phys. Rev. Lett. 91, 043004 (2003).
[4] B.A. Bushaw, W. Nörtershäuser, G.W.F. Drake, and H.-J. Kluge, Phys. Rev. A 75, 052503 (2007).



Contributions to the isotope shift of ALi (A =7, 8, 9, 11) relative to 6Li in the 2s 2S1/2 → 3s 2S1/2

transition. Contributions of the mass dependent-terms are calculated using the masses listed in the first
row. The mass of the reference isotope 6Li is 6.015122794(16) amu . All other values are in MHz. Both
sets of theoretical results are given in cases where they differ (see text).

Term 7Li 8Li 9Li 11Li
M (amu) 7.0160034256(45) 8.02248624(12) 9.02679020(21) 11.04372361(69)
µ/M a 11 454.655 2(1)c 20 090.837 3(6)c 26 788.479 2(10)c 36 559.175 4(25)c

11 454.655 2(2)d 20 090.837 3(9)d 26 788.479 2(13)d 36 559.175 4(27)d

(µ/M)2 –1.794 0 –2.964 4 –3.764 2 –4.761 9
α2µ/M 0.017 2c 0.030 2c 0.040 2c 0.055 0c

0.016 8(1)d 0.029 5(2)d 0.039 3(3)d 0.053 7(4)d

α3µ/M –0.048 5 –0.085 1 –0.113 5 –0.154 8
α4µ/M –0.009 2(23)c –0.016 1(40)c –0.021 5(63)c –0.029 4(73)c

–0.008 4(28)d –0.014 7(41)d –0.019 6(66)d –0.026 8(90)d

νpol 0.039(4)
Total 11 452.820 7(23)c 20 087.801 9(40)c 26 784.620 2(64)c 36 554.323(9)c

11 452.821 1(28)d 20 087.802 6(50)d 26 784.621 3(67)d 36 554.325(9)d

CA,A′
b –1.571 9(16) –1.571 9(16) –1.572 0(16) –1.570 3(16)

aUncertainties for this line are dominated by the nuclear mass uncertainty.
b 25% Error bar of the relativistic correction is assumed due to the estimation of the relativistic correction
to the wave function at the origin on the basis of a known result for hydrogenic systems.
c Calculation by Puchalski and Pachucki.
d Calculation by Yan and Drake.
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Two-Photon Lithium Spectroscopy

LiS

Resonance Ionization of Lithium

2s 2S1/2

3s 2S1/2

2p 2P1/2,3/2

3d 2D3/2,5/2
τ = 30 ns

2 × 735 nm

610 nm

5.3917 eV
2s – 3s transition
→ Narrow line
2-photon spectroscopy
→ Doppler cancellation

“Doubly-Resonant-4-Photon Ionization”

Spontaneous decay
→ Decoupling of precise 

spectroscopy and efficient 
ionization

2p – 3d transition 
→ Resonance enhancement

for efficient ionization
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Changes in the mean square nuclear charge radii along the lithium isotopic chain were determined using a
combination of precise isotope shift measurements and theoretical atomic structure calculations. Nuclear charge
radii of light elements are of high interest due to the appearance of the nuclear halo phenomenon in this region of
the nuclear chart. During the past years we have developed a laser spectroscopic approach to determine the charge
radii of lithium isotopes which combines high sensitivity, speed, and accuracy to measure the extremely small
field shift of an 8-ms-lifetime isotope with production rates on the order of only 10 000 atoms/s. The method
was applied to all bound isotopes of lithium including the two-neutron halo isotope 11Li at the on-line isotope
separators at GSI, Darmstadt, Germany, and at TRIUMF, Vancouver, Canada. We describe the laser spectroscopic
method in detail, present updated and improved values from theory and experiment, and discuss the results.

DOI: 10.1103/PhysRevA.83.012516 PACS number(s): 32.10.Fn, 21.10.Gv, 21.10.Ft, 27.20.+n

I. INTRODUCTION

Laser spectroscopy of lithium isotopes has recently at-
tracted much interest. This is for two reasons: First, as a
three-electron system it can be used to test the fundamental
theoretical description of few-electron systems at high ac-
curacy. Second, the extraction of nuclear charge radii from
isotope shifts for very light elements became possible by
combining high-accuracy measurements with atomic theory.
These charge radii are of special interest since one of the
lithium isotopes, 11Li, is the best investigated halo nucleus, but
a nuclear-model-independent value of its charge radius was not
known until recently. Our ToPLiS1 collaboration succeeded in
measuring the charge radii of all lithium isotopes [1–3]. Here
we describe the experimental setup in detail and discuss the
results, including updated and improved values from theory
and experiment.

Laser spectroscopy has considerably contributed to our
knowledge of ground-state properties of short-lived isotopes.
Information on nuclear spins, charge radii, magnetic dipole
moments, and spectroscopic electric quadrupole moments
can be extracted from isotope shift and hyperfine structure
measurements in atomic transitions. A particular strength of
these methods is that they provide nuclear-model-independent
data. This field has been regularly reviewed within the last

*Current address: CERN, CH-1211 Geneva 23, Switzerland.
†Current address: Instytut Fizyki, Jan Kochanowski University,

PL-25-406, Kielce, Poland.
1Two-Photon Lithium Spectroscopy.

decades; see, for example, [4–7]. While nuclear moments can
be obtained with laser spectroscopy from the lightest to the
heaviest elements, it was so far not possible to determine
nuclear charge radii for short-lived isotopes lighter than
neon [8,9].

The reason is that the isotope shift, in which the charge
radius information is encoded, has two contributions: One
is the change in nuclear mass between two isotopes [mass
shift (MS)] and the second one is the difference in the
charge distribution inside the nucleus [volume shift or field
shift (FS)]. The MS by far dominates the isotope shift in
light elements and then decreases rapidly approximately with
increasing mass number A by A−2. By contrast, the FS is
more than 10 000 times smaller than the MS in the case of the
lithium isotopes but increases in proportion to Z2A−1/3 with
the nuclear charge number Z and by far exceeds the MS in
heavy elements. Separating the tiny FS in the light elements
is a complicated task and could only be performed on very
simple and stable atoms or ions containing not more than two
electrons. The general approach is a very accurate calculation
of parts contributing to the MS and the comparison with the
experimentally observed isotope shift, as first demonstrated
in 1993 for the case of helium by Drake [10]. The difference
between these values is then attributed to the change in the
nuclear charge radius. Consequently, relative accuracy better
than 10−5 must be reached in experiments as well as in
atomic structure calculations. Here the correlations in the atom
between more than two electrons were an unresolved task.
Therefore, until a few years ago, this was only possible for
one- and two-electron systems, and this approach was used for

012516-11050-2947/2011/83(1)/012516(33) ©2011 American Physical Society
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Fig. 4. Comparison of various nuclear structure theories with experiment for the rms
nuclear charge radius rc. The points are grouped as (

⊗
) variational microcluster calcula-

tions41–43 and a no-core shell model;44,45 (
⊕

) effective three-body cluster models;46,47

(Θ) large-basis shell model;48 (5) stochastic variational multicluster;49 (Φ) dynamic
correlation model.50 The remaining points are quantum Monte Carlo calculations51,52

with various effective potentials as follows: (X) AV8’; (•) AV18/UIX; (◦) AV18/IL2; (4)

AV18/IL3; (�) AV18/IL4 (for Li only).

7.4. Results for Nuclear Charge Radii

Figure 4 provides an overview of all the nuclear charge radii rc that have
been measured to date by the isotope shift method. There are three sepa-
rate sequences of measurements for the isotopes of helium,53 lithium23 and
beryllium,54 with the stable isotopes 3He, 7Li and 9Be taken as reference
nuclei. The measurements are represented by the large vertical error bars,
while the various sequences of theoretical predictions are connected by dot-
ted lines to show their trends. Of particular importance are the two- and
four-neutron halo nuclei 6He, 8He, the two-neutron halo nucleus 11Li, and
the single-neutron halo nucleus 11Be. The last is the simplest example of
a single-neutron halo. It is clear that, although the theoretical predictions
show the correct overall trends, it is the halo nuclei that are best able to dis-
criminate amongst the various theories of nuclear structure. It is for these
cases that the various theoretical predictions show the greatest divergence.



Conclusions
• The combination of high-precision theory and experiment continues to provide
opportunities to create new measurement tools, and to probe fundamental physics,
especially at the interface between atomic and nuclear physics. There has been
tremendous progress over the past 20 years.

• The objective of calculating isotope shifts to better than ± 10 kHz has been
achieved for two- and three-electron atoms, thus allowing measurements of the
nuclear charge radius to ±0.002 fm.

• A measurement of the isotope shift for muonic helium in comparison with electronic
helium would provide an important supplement to the measured discrepancy in
the proton charge radius. (104 references to Randolf Pohl’s paper in Nature, July
2010).
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Conclusions
• The combination of high-precision theory and experiment continues to provide
opportunities to create new measurement tools, and to probe fundamental physics,
especially at the interface between atomic and nuclear physics. There has been
tremendous progress over the past 20 years.

• The objective of calculating isotope shifts to better than ± 10 kHz has been
achieved for two- and three-electron atoms, thus allowing measurements of the
nuclear charge radius to ±0.002 fm.

• A measurement of the isotope shift for muonic helium in comparison with electronic
helium would provide an important supplement to the measured discrepancy in
the proton charge radius. (104 references to Randolf Pohl’s paper in Nature, July
2010).

See posters 1b (p. 60) on the splitting isotope shift in lithium,
and 13b (p. 92) for isotope shifts in high-Z Li-like ions.
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e readily calculated. In Table I we have groupe
48 individual contributions to the QED shift
Tables II through IX of Ref.@14# according to
ofa, Za, and ln(Za)22. Each term contains a

ss scaling factor of (mr /m)3, except for the
magnetic moment terms where the scaling fact
nd the Dirac fine structure where the scaling~to
r! is (mr /m). The other mass-dependent recoi
e recoil terms are listed separately.
onventional notation, the termsGSE(Za),
dGWK(Za) represent an estimate of the sum of

3/2 1/2

aUncertainties due to uncalculated terms.

01250
20.330(3) 20.165(3)
20.022 20.005

0.000 0.000
0.000 0.000

a 0.006 0.006
0.000~3!a 0.000~3!a

0.000~15!a 0.000~15!a

20.138 20.138
0.007 0.007
0.000 0.000
0.000 0.000
0.000 0.000
0.000 0.000
0.000 0.000

2204.485(15) 201.170~15!

0.000 175 187.848
2204.485(15) 175 389.018~15!
s
c-
y

,
f

e
d

or

l

all higher-order terms in theZa expansion for the self-
energy, vacuum polarization, and Wickman-Kroll terms ob-
tained by an interpolation between accurate results in the
limit Z→0 @16,17# and nonperturbative all-orders calcula-
tions for Z>5 @18#. Our interpolations agree to well within

TABLE II. Input data to calculateR0 from the observedR value
of Eq. ~9! and deduce the Lamb shift.

Quantity Value

E(2p3/2)2E(2p1/2) 175 593.50~2! MHz
G(2p) 1.596 443109 s21

(dR/R0)np 22.3731025

(dR/R0)rel 0.6431025

(dR/R0)M2 26.5431025

R(2) 5.846 731024 (kV/cm)2

R(4) 23.8031026 (kV/cm)4
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